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1. (6 pts.)

(a) Prove or disprove: For any two sets A and B, if A×B = φ, then A or B is the emptyset.

(b) Let R be a relation on N so that aRb⇔ a
∣∣ b for all a, b ∈ N. Determine if R is an antisymmetric

relation on N.



2. (7 pts.)

(a) Let R be some relation on a nonempty set A, and let S be a transitive relation containing R.

Show that R ◦R ⊆ S.

(b) Let f : A → B and g : B → C be two functions for some nonempty sets A,B, and C. Without

assuming that g ◦ f is a function, show that if (x, z1), (x, z2) ∈ g ◦ f , then z1 = z2, where x ∈ A

and z1, z2 ∈ C.



3. (8 pts.) Let θ : N × N → N be a bijection defined by θ((m,n )) = 2m−1( 2n− 1 ). You may use the

fact: A ≈ C and B ≈ D implies A×B ≈ C ×D.

(a) Show that if A and B are two denumerable sets, then A×B is a countable set.

(b) What is the cardinality of A×B?

(c) Find the inverse image θ−1(Y ), where Y = { 3, 12 }.



4. (9 pts.)

(a) Let f : N × N → N be a function given by f(a, b) = a + b for all a, b ∈ N. Decide whether f is

one-to-one and onto N.

(b) Let f : R2 → R2 defined by f(a, b) = (a+ b, a− b). Is f a bijection? Explain.



5. (10 pts.)

(a) Let a, b, c, d ∈ R so that a < b and c < d. Let f denote the relation from (a, b) to (c, d) defined

for any x ∈ (a, b) by

f(x) = d− c
b− a

(x− a) + c.

Determine if f is onto function.

(b) Let A = (1, 2) ∪ [5, 7). Provide a function g that can be used to show that A ≈ (0, 1). Do not

prove that g is a bijection.
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