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1. (2+3+3 pts.) Let G be a group of a finite order.

(a) Show that G has a unique identity.

(b) Show that if H and K are two subgroups of G, then | H fl K | divides | G |.

(c) Show that if G is a non-abelian group of order 10, then G hsa an element of order 5.

2. (2+3 pts.)

(a) List the isomorphism class representatives of abelian groups of order 100.

(b) Let G and H be two gourps. Show that if ◊ : G æ H is a group homomorphism with ker(◊) = { eG },
then ◊ is one-to-one.

3. (2+3 pts.) Let H be a subgroup of a finite group G with [G : H] = 2

(a) Show that H is a normal subgroup of G.

(b) Compute the order of the quotient group G/H.

4. (3 pts. each) Let G and H be two isomorphic groups.

(a) Show that if ◊ : G æ H is an isomorphism then ◊(G) Æ H.

(b) Show that if G is abelian, then H is abelian as well.

(c) Show that if f : G æ H is an isomorphism and B is a normal subgroup of H, then the subgroup
A = f

≠1(B) of G is also normal in G.

(d) Show that if | G | = p
2 (p is prime number), then G has at least one subgroup of order p.

5. (3 pts. each) Let GLn(R) = { all n ◊ n nonsingular matrices with real entries } be a group with the opera-
tion of matrix multiplication.

(a) Show that SLn(R) = { A œ GLn(R) : | A | = 1 } is a subgroup of GLn(R).

(b) Find the centralizer of X =

S

U1 1
1 0

T

V in GL2(R), denoted as C (X).

(c) Show that ◊ : GLn(R) æ Rú defined by ◊(A) = | A | for each A œ GLn(R) is a homomorphism onto Rú.

(d) Use the Fundamental Homomorphism Theorem to show that GLn(R)/SLn(R) is isomorphic to Rú.


