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1. (10 pts.) Which of the following equations define operations on the set of integers? Of those that

do, which are associative? Which are commutative? Which have identity element?

(a) a ∗ b = a+ b

2 .

(b) a ∗ b = ab+ 1.

(c) a ∗ b = a.



2. (10 pts.) Consider S6, the symmetric group on { 1, 2, . . . , 6 }, in what follows.

(a) Solve for x in

(1 6 4) (2 3 5) (1 6 4) = (2 3 5)x.

(b) Find the cyclic decomposition of (1 2 3)−1 (4 5 6) (1 3 2).

(c) Decide whether α = (1 3 5) (2 4 6) is an even or an odd permutation.



3. (10 pts.) Let G be a group with a binary operation ∗ with the identity e.

(a) Show that the inverse of each element in G is unique.

(b) Let H be a nonempty subset of G such that a, b ∈ H implies ab−1 ∈ H. Show that H is a

subgroup of H.



4. (10 pts.)

(a) Let G = {A ∈ M2×2 : detA = 1}. Show that G with the operation of matrix multiplication is a

group.

(b) Let H = { 1,−1 }. Show that H is a subgroup of (R∗, ·) and find its order.
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