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1. (10 pts.) Let Un = { [k] : 1 ≤ k < n and gcd(k, n) = 1 }.

(a) Use the Euclidean algorithm to find the inverse of [21] as the least nonnegative integer in U100.

(b) Find the order of U100.

2. (10 pts.) Let G be a group.

(a) Show that if G is cyclic, then G is abelian.

(b) Show that if a ∈ G is a generator for G, then a−1 is a generator for G as well.

3. (10 pts.) Let H be a subgroup of a group G and let a ∈ G. Then

(a) Show that aH = H if and only if a ∈ H.

(b) If H = 〈 (1 2 3) 〉 × 〈 [1] 〉 and G = S3×Z2, compute all left cosets of H in G and find its index.

4. (10 pts.) Let G be a group.

(a) Show that if H ≤ G with index 2, then aHa−1 = H for any a ∈ G.

(b) Use Fermat’s Little Theorem to find the least nonnegative integer x so that 52022 ≡ x (mod 11).

(c) Suppose that G is a non-abelian group of order 10. Show that G has an element of order 5.

5. (10 pts.)

(a) Let θ : G→ H be a group homomorphism mapping. Show that θ(eG) = eH and θ(a−1) = θ(a)−1

for each a ∈ G.

(b) Show that the group of integers Z is isomorphic to the multiplicative group M = { 2m : m ∈ Z }.


