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1. (3+1 pts.)

(a) Let α : A→ B (A and B are two nonempty sets) be a mapping and define a relation ∼ on A so
that for any x, y ∈ A, x ∼ y if and only if α(x) = α(y). Show that ∼ is an equivalence relation
on A.

(b) Is (Z∗
4,�) a group? Explain.

2. (3+2+2 pts.) Let Un = { [k] : 1 ≤ k < n and GCD(k, n) = 1 }.

(a) Use the Euclidean algorithm to find the inverse of [35] in U72.

(b) What is the order of [35] in U72? Explain.

(c) Find the order of U72.

3. (3+2 pts.) Let G be a group.

(a) Show that if G = 〈 a 〉 for any a ∈ G, then G = 〈 a−1 〉.

(b) Let p and q be two prime numbers. Show that if the order of the group G is pq, then every
proper subgroup of G is cyclic.

4. (3+2 pts.)

(a) Compute all distinct left cosets of H = 〈 (1 3 2) 〉 × 〈 [1] 〉 in S3 × Z2.

(b) Use Fermat’s Little Theorem to find the least nonnegative integer x so that 32023 ≡ x (mod 11).


