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. (343 pts.) Let V be an inner product space over a field F. Show that:

(a) (z,y+2)=(x,y)+ (x,2), for any z,y,z € V.

1
(b) For x = (1,4), y = (2,4) in C?, define (z,y) = v Ay*, where A =

1
. Compute (z,y).
T 2

. (442 pts.) Let 8 be a basis for a finite-dimensional inner product space V.

(a) Show that if (z,z) =0 for all z € 3, then x = 0.

(b) Show that if (x,z) = (y, z) for all z € 3, then x = y.
. (343 pts.)

(a) Let T be the linear operator on C? defined by T (a,b) = (ai+b,a —b). Evaluate T* at
x = (1,17).

(b) Let V be an inner product space, and let y,z € V. Define the operator T : V — V by
T (z) = (x,y)z for all z € V. Evaluate T* (x).

. (343+4 pts.) Let T be a linear operator on a finite-dimensional inner product space V over a
field F. Then:

(a) If T is normal and A; and Ag are two distinct eigenvalues of T with corresponding eigenvectors

x1 and xo, respectively, then x; and x5 are orthogonal.
(b) If T is self-adjoint, then every eigenvalue of T is real.

C = =1Iy an is an orthonormal basis for V, then is an orthonormal basis
T =T"T=1 d g h lb for V, then T (8 h lb
for V.

1
. (6 pts.) Let V = P;(R) with an inner product defined by ( f(x),g(x)) :/ f(z)g(z) dz. Use
0
the Gram-Schmidt process to replace the standard ordered basis S = {1,z } by an orthonormal
basis for P;(R). Represent h(z) = 1+ 2z as a linear combination of the vectors of the obtained

orthonormal basis for P (R).

. (6 pts.) Let T be an operator on P;(R) defined by T (f) = f’, where (f,g) = fol f(t)g(t)de.
Determine whether T is normal, self-adjoint, or neither. If possible, produce an orthonormal basis

of eigenvectors of T for V.



