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Chapter

1 Vector Spaces

Section 1.2: Vector Spaces

An object of the form (xy, 29, - ,x,), where 1, - - - | ,, are elements of a field I, is called an n-tuple.
Such object is called a vector. Moreover, the set of all vectors with entries from F is denoted by F”.

The elements x;.--- ,z, are called the entries or components.

Definition 1.2.1

A vector space (or linear space) V over a field F is a set of elements on which two operations

(called addition and scalar multiplication) are defined so that

() If 2,y € V, then x +y € V; that is, "V is closed under +".

VS1. z+y=y+aoforalz,yeV.

VS2. (z+y)+z=ax+(y+z2) forall z,y,z € V.

VS3. There exists an element 0 in V such that z + 0 = x for each z € V.
VS4. For each x € V, there exists an element y € V such that z +y = 0.

(B) If 2 € Vand a € F, then ax € V; that is, "V is closed under -”".

VS5. Foreachz eV, 1z =x.

VS6. For each pair of elements a,b € F and each element x € V, (ab)z = a(bz).
VS7. Foreacha€F and z,y €V, a(x +y) = ax + ay.

VS8. Foreach a,b € Fand x €V, (a+b)x = ax + bx.

[ Remark 1.2.1

A vector space V along with operation + and - is denoted by (V, +,-).

Theorem 1.2.1

For any positive integer n, (R, +,-) is a vector space.
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Example 1.2.1

Let M,,x,(F) = {all m x n matrices over a field F}. Then ( M,,«x,(F),+, ) is a vector space
where for any A = (a;;), B = (bij) € Myxn(F) and for ¢ € F, we have

(A + B)U = (aij + bu) and (CA)Z']' = caij,

foralll1 <i<mand1<j<n.

Example 1.2.2

Let S be a nonempty set and F be any field, and let F(S,F) denote the set of all functions
from S to F. Two functions f,g € F(S,F) are called equal if f(z) = g(z) for each z € S.

The set F(S,TF) is a vector space with the operations of addition and scalar multiplication

defined for f,g € F(S,F) and ¢ € F by

(f +9)(x) = f(x) +g(z)  and  (cf)(x) =c[f(2),

for each x € S.

Example 1.2.3

Let S ={(a,b) : a,b € R}. For any (a,b),(x,y) € S and ¢ € R, define
@)@ @y) = (@+zb-y) snd o (b)=(cach)

Is (S,®,®) a vector space?

Solution:

No. Since (VS1), (VS2), and (VS8) are not satisfied (verify!). For instace, (1,2) & (1,3) #
(1,3) @ (1,2).

Theorem 1.2.2

Let (V,+,-) be a vector space. Then

(a) The zero vector in V is unique.

(b) The addition inverse for each element in V is unique.
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Definition 1.2.2

A subset W of a vector space V over a field F is called subspace of V if W is a vector space

over F with operations of addition and scalar multiplication defined on V.

Note that, if V is any vector space, then {0} and V are both subspaces of V.

Theorem 1.2.3

Let V be a vector space over a field F and W is a subset of V. Then, W is a subspace of V if

and only if:

1.0eW.
2. Forany z,y e W, z +y € W.
3. For any x € W and any a € F, ax €¢ W.

Example 1.2.4

Show that the set W of all symmetric matrices (that is matrices with property A* = A) is a
subspace of M, (F).

Solution:

We need to show the following three conditions.

1. Clearly, Of .. = 0,, and hence 0,,x,, € W.
2. Let A,B € W. Then A* = A and B* = B and hence (A + B)! = A'+ B' = A+ B.
Thus, A+ B € W.

3. Let A€ Wand a € F. Then A® = A and hence (aA)" = aA' = aA. Thus, aA € W.

Therefore, W is a subspace of M, x,(F).

Note that the set W of all non-singular matrices in M, «,(F) is not a subspace of M, (F). Can

you guess why!?
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Definition 1.2.3

The trace of an n x n matrix A, denoted tr(A), is the sum of the diagonal entries of A. That
is, for A = (aj;),

tT(A) = Zaii =ay] +agy + - +CLnn.
i=1

Example 1.2.5

Show that tr(cA + dB) = ctr(A) + dtr(B) for any n x n matrices A and B.

Solution:

If A= (a;;) and B = (b;;), then cA = (ca;;) and d B = (db;;) for 1 <4, j <n. Thus

tr(cA+dB) = (cay; +dbiy) + (cag +dbs) + -+ + (Capy + dbpy)
=c(ay +ag+ -+ ap) +d(bin +bxa+ -+ bu)
= ctr(A) + dtr(B).

Example 1.2.6

Show that the set W ={ A € M,y (F) : tr(A) =0} is a subspace of M, ,(F).

Solution:

We need to show the following three conditions.

L. tr(0pxn) = > 10 =0 and hence 0,,x, € W.
2. Let A, B € W. Then tr(A) = tr(B) = 0 and hence

tr(A+ B) =tr(A) +tr(B) =0+0=0.

Thus A+ B e W.
3. Let A€ W and c € F, then tr(c A) = ctr(A) = 0 and hence c A € W.

Therefore, W is a subspace of M, ., (F).
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Example 1.2.7

Let W= {(z,y,2) : 2=z —y}. Show that W is a subspace of R3.

Solution:

1. Clearly 0 = (0,0,0) € W since 0 = 0 — 0.
2. Let x = (a,b,¢),y = (d,e,f) € W. Then ¢ = a — b and f = d — e, and hence
r+y=(a+db+ec+ f) which is in W since

c+f=(a—=b)+(d—e)=(a+d)— (b+e).

3. Let 2 = (a,b,c) € W and k € F. Then ¢ = a — b and hence k¢ = ka — kb; that is
kx = (ka, kb, kc) € W.

Therefore, W is a subspace of R3.

Definition 1.2.4

Let P(FF) denote the set of all polynomials with coefficients from a field F. For integer n > 0,

let P,,(F) be the set of all polynomials of degree less than or equal n with coefficients from F.

Note that P, (IF) is a subspace of P(F).

For instance, f(z) = a,z" + a, 12" ' 4+ -+ + a1z + ag € P,(F). Note that f(z) = 0 means that
ap = ap_1 = --- =a; = agp = 0 and hence f is called the zero polynomial. For our convenience,

we define the degree of the zero polynomial as —1.
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Section 1.3: Bases and Dimensions

Definition 1.3.1

Let S = {x1,29, -, 2, } be a nonempty subset of vectors in a vector space V over a field F.

The span of S, denoted span 5, is the set of all linear combinations of the vectors in S.

Theorem 1.3.1

Let S = {x1, 29, -+ ,x, } be a subset of vectors in a vector space V. The span S is a subspace

of V.

Example 1.3.1

Let S={1+2,2—2%1+x+2?} be a subset of Py(R). Is 2% a linear combination of S?

Explain.

Solution:

Considering the system x? = ¢;(1 4+ ) + co(2 — 2%) + ¢c3(1 + = + 2?), we get

22 = (c; +2c5+c3) 1+ (c1 +c3) -z + (—cy +¢3) - 2°.

Hence
C1 -+ 262 —+ C3 = 0
C1 -+ 0 - C3 = 0
0 — Co + C3 = 1

We then find the r.r.e.f. of that system as follows:

2 11]0 1 0 0] -1
0 10 rrel, 0 1 0
1 11 00 1] 1

Therefore, 2 = —1-(14+z)+0-(2—22?)+1-(1+2+2?), and 2? is a linear combination of S.
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Example 1.3.2

Show that W = { (z,y,2) : 2 =z —y } is a subspace of R3.

Solution:

Note that W = {(z,y,z —y):z,y e R} = {2(1,0,1) +y(0,1,-2): z,y € R}. That is,
W = span({ (1,0,1), (0,1, —1) }). Therefore, W is a subspace of R3.

Definition 1.3.2

Let S = {1, 29, -+, 2, } be a subset of a vector space V. If every vector in V is a linear com-
bination of S, we say that S spans (or generates) V or that V is spanned (or generated)

by S.

Definition 1.3.3

Let A € M,,x,(IF). Then the null space of A is defined as
NA) ={zeF": Az =0}.

The dimension of N'(A) is called the nullity of A. This null space of A is a subspace of F".

Definition 1.3.4

A set = {s1,892,---, 8, } of distinct nonzero vectors in a vector space V is called a basis

for V if and only if

1. B spans (generates) V; that is, any element x € V can be represented as a linear
combination of elements of 5: x = a181 + @282 + - - - + a,S,, and
2. [ is linearly independent set in V; that is, ays; + asss + - - - + a,s, = 0 implies that

aL=ay=---=a,=0.

Moreover, the dimension of V is the number of vectors in its finite basis 3, denoted by

dim(V). In that case, we say that V is a finite-dimensional vector space.
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| Remark 1.3.1 |

1. In F", the set {e; = (1,0,---,0),e2 = (0,1,0,---,0),--- ,e, = (0,---,0,1) } is a basis
for F™. This basis is called the standard basis for F”". Therefore, dim(F") = n.

2. The set f = {1,z,2% --- , 2"} is the standard basis for the vector space P, (F), and
therefore dim(P,(F)) =n + 1.

| Remark 1.3.2 |

Every basis for a finite-dimensional vector space V contains the same number of vectors.

Theorem 1.3.2

Let V be an n-dimensional vector space and let 5 = {z1, 29, -+ ,x, } be a subset (with n

vectors) of V. Then,

1. If B spans V, then ( is a basis for V.
2. If 8 is linearly independent, then (3 is a basis for V.

Theorem 1.3.3

Let W be a subspace of a finite-dimensional vector space V. Then W is finite-dimensional

subspace and dim(W) < dim(V). Moreover, if dim(W) = dim(V), then W = V.

Example 1.3.3

Determine whether S = {z; = (1,0, —1), 29 = (2,5,1),23 = (0,—4,3) } is a basis for R3.

Solution:

Note that S contains 3 = dim(R?), and thus it is enough to show that S is linearly indepen-
dent (or S spans R3). In either cases, we can simply show that the associate matrix of the

system is not equal to zero. That is

1 2 0
0 5 —4/=(15+4)—(-8)=27+£0.
-1 1 3

Thus S is a basis for R3.
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Example 1.3.4

Let W = {(z,y,2) : 2+ 3y — 2z = 0}. Show that W is a subspace of R® and find its dimen-

sion.

Solution:

Clearly, W = {(z,y,2¢+3y):z,y e R} = {2(1,0,2) +y(0,1,3)}. Therefore, W =
span({ (1,0,2),(0,1,3) }) which shows that W is a subspace of R®. Moreover, the set
{(1,0,2),(0,1,3) } is linearly independent set and hence it is a basis for W. Therefore,
dim(W) = 2.

Example 1.3.5

Let W= {f(z) e Po(R): f(1)=0}.

1. Show that W is a subspace of Py(RR).
2. What is dim(W)?

Solution:

Note that f(z) = a + bz + cz? so that f(1) = a+ b+ c = 0. That is ¢ = —a — b. Hence
f(x) = a+br+ (—a —b)x* = a(l — z%) + b(x — x*). Therefore, W = span S, where
S ={1-2%x—2%}. Clearly, S is linearly independent (each element is not a composite of

the other). Hence S is a basis for W and dim(W) = 2.
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Let W = { f(z) € P3(R) : f(0) = f'(0) and f(1) = f'(1) }. Find a basis for W.

Let W = {a+ bx + cz? € Po(R) : a = b = ¢ }. Show that W is a subspace of P(R).

Let W= {a+br € P(R):b=a*}. Is W a subspace of P;(R)? Explain your answer.

Exercise 1.3.4

Let x and y be distinct vectors of a vector space V. Show that if 5 = {x,y} is a basis for
V and a and b are nonzero scalars, then both v; = {x 4+ y,ax } and 75 = {ax,by } are also

bases for V.
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Section 1.4: Coordinates of a Vector

Definition 1.4.1

Let V be a vector space with a basis = {zy,29, -+ ,2, }. If z € V, then z = 12y +
CoXo + - -+ + ¢y, is uniquely represented with scalars ¢q, ¢y, - -+, ¢,. We call thses scalars the

coordinates of = in the basis [ , denoted by

C1

Consider the vector space R? with the usual vector addition and scalar multiplication. The set

B={e; =(1,0),ea = (0,1) } is clearly a basis for R?.

The vector z = (1,—2) € R? has its coordinates in the basis 3 defined as

|

The coordinate of  in another basis for R?, say ~, is in general different from the coordinate of z in

(. This can be seen in the following example.

Example 1.4.1

Let 8 ={e; = (1,0),ea = (0,1) } be the natural (standard) basis for R? and let v = { fi, fa },
where f; = (1,1) and fy = (1, 2).

1. Show that v is another basis for R2.
2. Find [7]; and [z], for x = (a,b) € R%.

Solution:

(1): Note that |8] = |v| = 2 = dim(R?). So, we only need to show that ~ is linearly

independent (or v spans R?). Consider ¢, f; + ¢ fo = 0 which is a homogenous system with

Av =0, where A = :

(&)

and v = [(31] . Clearly then | A| = 1 # 0 and hence 7 is linearly
independent and it is a basis for R2.

(2): Note that [z],; = !Z] since x = ae; + bes.
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Now consider

(a,b) = c1fi +cafo=ci(1,1) + ¢2(1,2)

= (c1 + ¢, ¢1 + 2¢3).

Therefore, a = ¢; + ¢ and b = ¢; + 2¢o. Hence ¢; = 2a — b and ¢; = b — a. That is,
2a — b

b—a
To check that this is the right coordinate representation of x in v, simply assert that

[z], =

x=A 2]

5

Getting back to the vector z = (1, —2) € R?, we have its coordinatesiny = { fi = (1,1), fo = (1,2) }

as

This can be seen as
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Exercise 1.4.1

Let 3 = {e; =(1,0,0),ea = (0,1,0),e3 = (0,0,1) } be the natural (standard) basis for R3,
and let v = {flaf27f3 }7 where fl = (17 I, ]-)7 f2 = (07 I, ]-) and f3 = (Oa 0, 1)

1. Show that v is another basis for R?.
2. Find [z], for z = (2, -1,4) € R®.
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Vector Spaces



Chapter

Linear Transformations and Matrices

In this chapter we consider special functions defined on vector spaces that preserve the structure.

These special functions are called linear transformations.

The preserved structure of vector space V over a field F is its addition and scalar multiplication

operations, or, simply, its linear combinations.

Note that we assume that all vector spaces in this chapter are over a common field .

Section 2.1: Linear Transformations, Null Space, and Ranges

Definition 2.1.1

Let V and W be two vector spaces. A linear transformation T :V — W is a function

such that:

1. T(z+y) =T(z)+ T(y) for any z,y € V.
2. T(cz) =cT(z) for any c € F and any = € V.

Note that the addition operation in x + y refers to that defined in V, while the addition in
T(z) + T(y) refers to that defined in W. Moreover, if V.= W, we say that T is a linear

operator on V. We sometime simply call T linear.

[ Remark 2.1.1

Let T : V — W be a function for vector spaces V and W. Then for any scalar ¢, and any

x,y € V, we have

1. If T is linear, then T(0y) = Ow: For any z € V, T(0) = T(0x) = 0T (z) = 0.
2. T is linear iff T(cz +y) = ¢T(z) + T(y).
3. T(z —y) =T(z) - T(y).

n

n
4. T is linear iff T( Y ca; | =Y ¢/T(x;), for scalars ¢y, -+ ,¢, and z1,- -+ ,x, € V.
i=1

i=1

To see that a linear transformation T : V — V preserves linear combination, assume that

15
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v € V such that v = 3s + 5t — 2u for some vectors s,t,u € V. Then, T(v) = T(3s + 5t — 2u) =
3T(s) +5T(t) — 2T (u).

In what follows, we usually use property (2) above to prove that a given transformation is linear.

Definition 2.1.2

Let V and W be two vector spaces. We define the trivial linear transformation Ty : V. — W
defined by Ty(xz) = 0 for all x € V. Also, we define the identity linear transformation
Iy : V — V defined by T(z) =z for all x € V.

Example 2.1.1

Define T : My, xn(F) = M,um(F) by T(A) = A'. Show that T is linear.

Solution (1):

We show that T is linear by showing that T satisfies the conditions of the definition of linear
transformation.

(1): For any A, B € Myun(F), T(A+ B) = (A+ B)t = A' + B' = T(A) + T(B).

(2): For any ¢ € F and any A € M, (F), T(cA) = (cA)' = cA' = (T (A).

Therefore, T is linear.

Solution (2):

We use Remark 2.1.1 to show that T is linear. For all A, B € M,,.,(F) and ¢ € F, we have
T(cA+ B) = (cA+ B)" = (cA)' + B' = cA" + B' = ¢T(A) + T(B).

Therefore, T is linear.

Example 2.1.2

Show that T : R? — R?, defined by T(z,y) = (22 + y,z — y) is linear.

Solution:
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We use Remark 2.1.1 to show that T is linear. Let ¢ € R and (a,b), (z,y) € R?. Then

T(c(a,b) + (z,y)) = T((ca+z,cb+y)) = (2(ca+2) + (cb+y), (ca+z) — (cb+7))
= ((2ca + cb) + (22 +y), (ca — cb) + (z — y))
= (2ca+ cb,ca—cb) + 2z +y,xr —y) =c(2a+b,a—b) + 2z + y,x — y)
— ¢T(a,b) + T(z,y).

Therefore, T is linear.

17

Example 2.1.3

Define T : Po(R) — P3(R) by T(f(:v)) =z f(z) + 2% Is T a linear transformation? Explain.

Solution:

For any f(x),g(x) € Po(R) and any ¢ € R, we have

T(cf(2) + 9(x)) = 2(cf(2) + g(2)) +2* = c(af(2)) + 2g(x) + 27,

¢T(f(2)) + T(g(x)) = c(af(2) + 2) + 2g(z) + & = c(af(2)) + 29(z) + x2,

Therefore, T is not linear.

but

Definition 2.1.3

Let V and W be two vector spaces (over ), and let T : V. — W be a linear transformation.
The null space (or kernel) of T, denoted N (T), is the set of all vectors € V such that
T(z) = 0; that is

N(T)={zeV :T(x)=0}CV.
The range (or image) of T, denoted R(T), is the set of all images (under T') of vectors in

V. That is
R(T)={T(z) : 2 €V} CW.
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Example 2.1.4

Find the null space and the range of: @ Iy : V= V. @ Ty: V=V

Solution:

: NIy)={z eV : Iy(x) =0} = {0}
: R(Iy) ={Iy(z) : €V} =V.

: R(To) ={To(x) : z €V} ={0}

®O 00

Theorem 2.1.1

Let V and W be vector spaces and T : V — W be linear. Then N/ (T) and R(T) are subspaces
of V and W, respectively.

We first show that N (T) is a subspace of V:
1. T(0y) = Ow and hence Oy € N(T).
2. Let 2,y € N(T), then T(z) = T(y) = Ow and
T(z+y) =T(z) + T(y) = Ow + Ow = Ow = z+y e N(T).
3. Let ¢ € F and = € N(T), then T(cz) = ¢T(z) = cOw = Ow, and hence cz € N (T).

Therefore, N'(T) is a subspace of V.
Next we show that R(T) is a subspace of W.

1. T(0Oy) = Ow and hence Ow € R(T).

2. Let z,y € R(T), then there exist u,v € V such that T(u) = x and T(v) = y and hence
T(u+v)=T(u)+Tw)=z+y = r+y e R(T).

3. Let c € F and x € R(T), then there exists u € V such that T(u) = z, and as cu € V,
we have T(cu) = ¢T(u) = cx € R(T).

Therefore, R(T) is a subspace of W.
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| Remark 2.1.2 |

The next theorem provides a method for finding a spanning set (and therefore a basis) for

the range of T, namely for R(T).

Theorem 2.1.2

Let T :V — W be a linear transformation. If 5 = {xy, 29, ,x, } is a basis for V, then

R(T) = span(T(5)) = span({ T(z1), T(w2),---, T(wn) }).

Definition 2.1.4

Let T : V. — W be a linear transformation. If N(T) and R(T) are finite-dimensional, then
we define the nullity of T, denoted nullity(T), and the rank of T, denoted rank(T), to be
the dimensions of N (T) and R(T), respectively.

Theorem 2.1.3

Let V and W be vector spaces, and let T : V — W be a linear transformation. If V is

finite-demensional, then

nullity(T) + rank(T) = dim(V).

Definition 2.1.5

Let T : V — W be a linear transformation. Then T is said to be one-to-one (or simply
1—1)iffor all z,y € V, if T(z) = T(y), then x = y.

Moreover, T is said to be onto W if R(T) = W. That is for all y € W, there is x € V such
that T'(z) = v.

Theorem 2.1.4

Let V and W be two vector spaces, and let T : V — W be a linear transformation. Then, T

is ono-to-one iff N(T) = {0}.
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Theorem 2.1.5

Let V and W be two vector spaces of equal finite dimension, and T : V — W be a linear

transformation. Then the following statements are equivalent:

1. Tis 1-1

T is onto.

N(T) = {0}.
rank(T) = dim(V).
nullity(T) = 0.

Note that nullity(T) + rank(T) = dim (V). Then,

o= R

Tisl-1 < N(T)={0} < nullity(T)=0
& rank(T)=dim(V) < rank(T) = dim(R(T)) = dim(W)

& R(T)=W <« T is onto.

Example 2.1.5

Let T : R? — R? be linear transformation defined by

T(z,y) = (22 — 3y, y).

Show that T is 1-1 and onto. That is, show that T is a bijection.

Solution:

We simply show that AM(T) = {(0,0)}.

Therefore, T is 1-1 and onto.
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Example 2.1.6

Let T : R®> — R? be the linear transformation defined by T(x,y,z) = (z,y). Find
N(T), R(T), nullity(T) and rank(T).

Solution:

First,
N(T) = {(z,y,2) € R®: T(z,y,2) = (z,9) = (0,0) } ={(0,0,2) : 2 € R }.

Thus { (0,0, 1) } is a basis for A(T) and hence nullity(T) = 1.
Next,

R(T) = {T(x,y,2) = (z,y) € R} = {x(1,0) +y(0,1) : 7,y e R} = R*.

Thus, rank(T) = 2.

Example 2.1.7

Let T : Po(R) — P3(R) be the linear transformation defined by T (f(z)) = f'(x) + J5 f(t) dt.
@ Is T one-to-one? @ Is T onto? Explain.

Solution:

@ : We show that T is 1-1 iff N(T) = {0}. Consider the basis 8 = {1,z,2? } for Py(R).
Then,

2 3
R(T) = span({ T(1), T(x), T(z) }) = span({ z, 14 % 2 + % }).
z? z3
Since {x, 1+ O 2z + 3 is linearly independent set (It can be shown easily), it is a basis

for R(T). Thus, rank(T) = dim(R(T)) = 3 = dim(P2(R)). Therefore, nullity(T) = 0 and
hence N (T) = {0} and then T is 1-1.
@ : rank(T) = 3 < dim(PP3(R)) and hence R(T) # P5(R). Therefore, T is not onto.

Example 2.1.8

For each of the following linear transformations, determine A (T) and R(T); find their bases;

is T 1-1 or onto? Explain.
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1. T:R3— R? given by T(z,y,2) = (v — y,22).

2. T:R? — R3 given by T(z,y) = (z + y,0,2z — y).
3. T:R3 — R? given by T(z,9,2) = (z +y, 7 — y).
4. T :R? — R3 given by T(x,y) = (z + y, v — y, ).

Solution:

(1):

N(T) ={(z,y,2) : T(z,y,2) = (0,0)}
={(z,y,2) :x—y=0and 22=0}
={(z,2,0) : zeR} ={x(1,1,0) }.

Then, nullity(T) = 1 since { (1,1,0} is a basis for N(T), and T is not 1-1.

Note that rank(T) = 3 — nullity(T) = 2. Thus, rank(T) = 2 and hence R(T) = R%
Therefore, { (1,0),(0,1) } is a basis for R(T) and T is onto. We note that we can compute
R(T) by considering

R(T) = span({ T(1,0,0),T(0,1,0),T(0,0,1) }).

Parts (2), (3), and (4) are left as exercises.

Definition 2.1.6

A linear transformation is called an isomorphism of vector spaces if it is a bijection.

Let V and W be two finite dimensional vector spaces on the same field. Then there exists an

isomorphism of vector spaces T : V — W if and only if dim(V) = dim(W).
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Show that T : R* — R? defined by T(x,y,z,w) = (z,y) is linear.

Show that T : R? — R? defined by T(x,y) = (z + y, 3z) is linear.

Let C(R) denote the set of all real valued continuous functions on R. Define T : C(R) — R
b
by T(f(x)) = / f(z)dz for all a,b € R with a < b. Show that T is linear.

Exercise 2.1.4

Let T : R? — R? be the linear transformation defined by T(z,y) = (2z + y,x — y). Find
N(T), R(T), nullity(T) and rank(T).

Let T : R? — R? be the linear transformation defined by T(z,y) = (z +y,z —y). Show that
T is a bijection (one-to-one and onto). Find N (T), R(T), nullity(T) and rank(T).

Exercise 2.1.6

Let T : R® — R? be the linear transformation defined by T(z,vy, z) = (z — v, 32).

1. Find N(T) and R(T).
2. Find bases for N(T) and R(T).

3. Is T one-to-one or onto? Explain.
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In this section, we consider the representation of a linear transformation by a matrix. That is, we

develope a one-to-one correspondence between matrices and linear transformations that allows us to

utilize properties of one to study properties of the other.

Definition 2.2.1

Let V be a finite-dimensional vector space. An ordered basis for V is a finite sequence of

linearly independent vectors in V that generates V.

[ Remark 2.2.1 ]

Note that 3; = {1, €2, e3 } can be considered as ordered basis for R?, while 8, = { €5, €1, €3 }
is also an ordered basis for R3, but 3; # 3, as ordered bases.
In particular, { ey, ,e, } is the standard ordered basis for R". Also, {1,x,22 --- 2"}

is the standard ordered basis for P, (R).

Definition 2.2.2

Let 8 = {1, -+ ,z, } be an ordered basis for a finite-dimensional vector space V. For z € V|

let ¢1,- -+, ¢, €F be the unique scalars such that x = c;z1 + coxo + - - - 4+ ¢, x,,. We define the

coordinate vector of z relative to 3, denoted [z] 5> by

[95]5 =

Cn

Example 2.2.1

Consider the vector space P3(R) and the standard ordered basis 8 = {1, z,z% 2 }. Find the

coordinate vector of f(z) = —92% + 7z + 3 relative to .

Solution:

Clearly f(z) = —92°+ 72 +3=3+T2—922=3-1+7 -2+ (—9) - 22 + 0 - 23, and hence

[f@)g=(3,7,-9,00=[3 7 —9 0]’




2.2, The Matrix Representation of Linear Transformation 25

Definition 2.2.3

Let V and W be two finite-dimensional vector spaces with ordered bases = { 1, xq, -+ ,z, }
and v = {y1,Y2,"** ,Ym }, respectively, and let T : V — W be a linear transformation. For
each j, 1 < j < n, we have T(z;) € W and there exist unique scalars ¢;; € F, 1 <1i < m,
such that

T(x;) = > cij Y-
i=1
Then the m x n matrix A = (¢;;) is called the matrix representation of T in the ordered
bases  and 7 and is written A = [T]}. If V.= W and § = ~, then we write simply A = [T],.
Note that the j** column of A = [T]} then is simply [T(x;)],. That is,

A=[T(z)], [T@)], - [T, |-

[ Remark 2.2.2 ]

Following Definition 2.2.3, the following statements hold:

L IfU:V — W is a linear transformation such that [U]} = [T]}, then U = T.
2. Ifz €V, then [T(x)], = A [z]4, where [z]5 and [T(z)], are the coordinate vectors of z

and T(z), respectively, with respect to the respective bases  and .

3. If x €V, then T (z) = i ([T(ﬂc)]»Z Y = i_n:c,- i

i=1

\.

| Remark 2.2.3 |

. . ’7.
* Finding [T];:
Let T : V — W be linear transformation from n-dimensional vector space V into m-
dimensional vector space W, and let 5 = {xy, - ,2,} and v = {y1, -+ ,ym } be bases

for V and W, respectively. Then we compute the matrix representation of T as follows:

1. Compute T(z;) for j =1,2,--- ,n.

2. Find the coordinate vector [T(z;)], for T(z;) with respect to . That is, express T(z;)
as a linear combination of vectors in ~.

3. Form the matrix representation A of T with respect to 5 and « by choosing [T(xj)]v as

the 5% column of A.
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Example 2.2.2

Let T : R® — R? be a linear defined by T(z,y, 2) = (z+y,y—2). Find a matrix representation
A for T. Use A to evaluate T'(u), where u = (1,2, 3).

Solution:

We use the method described in Remark 2.2.3 and consider 5 = {(1,0,0), (0,1,0),(0,0,1) }
and v = {(1,0),(0,1) } as standard ordered bases for R* and R?, respectively. Then

T(1,0,0)

(1,0)=1-(1,0)+0-(0,1) = [T(1,0,0)], = (1,0)
T(0,1,0) =(1,1)=1-(1,00+1-(0,1) = [T(0,1,0)]. = (1,1)

~

T(0,0,1) =(0,—-1)=0-(1,0)+(-1)-(0,1) = [T(0,0,1)], = (0,~1).

0 1 -1
Note that (1,2,3) = (1,0,0) + 2(0,1,0) + 3(0,0,1), and that T(E;) = column;(A), for i =

Therefore, A = [T]} = Lo ]

1,2, 3. Hence, we can compute T(1,2,3) as follows:
T(1,2,3) = T(E)) + 2T(Ey) + 3T(E;) = (3, —1).

On the other hand, we simply can use Remark 2.2.2 as follows:

Therefore, T(1,2,3) = (3, —1).

Definition 2.2.4

Let T,U :V — W be arbitrary functions where V and W are vector spaces over [F, and let

a € F. We define the usual addition of functions T4+ U :V — W by
(T4 U)(z) = T(z) + U(x) for all x €V,

and aT:V — W by
(aT)(x) =aT(x) for all z € V.
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Theorem 2.2.1

Let V and W be two vector spaces over I, and let T, U : V — W be linear transformations.

Then

1. For all a € F, (aT + U) is linear transformation.

2. The collection of all linear transformations from V to W is a vector space over F.

Definition 2.2.5

Let V and W be two vector spaces over F. We denote the vector space of all linear transfor-

mations from V into W by £ (V,W). If V=W, we simply write £ (V).

Theorem 2.2.2

Let V and W be finite-dimensional vector spaces with ordered bases 5 and -, respectively,

and let T,U : V — W be linear transformations. Then

L. [T+ UJ} = [T]; + [U]}, and
2. [aT]} = a[T]} for all scalars a.

Example 2.2.3

Let T : R? — R3 and U : R? — R? be the linear transformations respectively defined by
T(z,y) = (r+3y,0,2c —4y) and U(x,y) = (x —y, 2,3z + 2y).

Let 8 and 7 be the standard ordered bases of R? and R3, respectively. Find the matrix
representation of T + Uj that is, [T + UJ}.

Solution:

Note that 3 and 7 are the standard ordered bases for R? and R3, respectively. Then,

T(1,0) = (1,0,2) =1-e;+0- ez +2e5 = [T(1,0)], = (1,0,2)

T(0,1) = (3,0,—4) = 3- €1 + Oz + (—4)es = [T(0,1)], = (3,0, —4).
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That is,
1 3
Y
[Tlz=10 0|,
2 —4
and

U(1,0) = (1,2,3) =1-e1 +2-ea+3es = [U(1,0)], = (1,2,3)

U(0,1) = (—1,0,2) = (—1) - e; + 0es + 23 = [U(0, 1)]7 = (-1,0,2).
That is,
1
[U]g =12 0
3
If we compute T + U using their definitions, we get
T+ U = (22 + 2y, 2z, 5x — 2y).
Thus,

T+U; =

TN DN
=

which is simply [T]; + [U]3.
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Let T : R? — R3 be a linear defined by T(z,y) = (2 — 3y, —z,x + 4y). Find a matrix

representation A for T. Use A to evaluate T(u), where u = (2,4).

Exercise 2.2.2

Let T : P3(R) — Po(R) be the linear defined by T (f(z)) = f'(x). Let § and v be the
standard ordered bases for P3(R) and Py(R), respectively. Find the matrix representation A
for T with respect to 5 and 7. Use A to evaluate T(f(x)), where f(x) = 322 + 1.

Exercise 2.2.3

1 -1 2
1
by A using the standard ordered bases § and v for Po(R) and P;(R), respectively. Evaluate

T (g(z)), where g(z) = 22% — 3z + 1.

Let A = . Assume that T : Py(R) — P;(R) is the linear tranformation defined

Exercise 2.2.4

Let T : P;(R) — Py(R) be a linear defined by T (f(z)) = z f(z). @: Find the matrix
representation A for T. @: If f(x) =3z —2 € Pi(R), compute [T (f(z))]
standard ordered basis in Py(R). @: Evaluate T'(f(z)) using A.

Exercise 2.2.5

Let

,» where v is the

1. Define T : Py(R) — Myyo(R) by T(f(x)) = ( )
0 "(3
2. Define T : Py(R) — R by T(f(x)) = f(2). Compute [T]}.
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Exercise 2.2.6

Let T : R* — R® be a linear defined by T(z,y) = ( + 3y,0, 2z — 4y). Find [T (f(z))]} and
[T (f(2))]5, where B,  and o/ are { e, €2}, { exy 2,05} s {iess ez, €1}, respectively.

Exercise 2.2.7

Let 3 = {a% 23 2% 2,1} be an ordered basis for P4(R) and let v be the standard ordered
basis for R3. Define T : P4(R) — R3 by T (f(x)) = (f(1) — f(0), f/(0), f’(1)), and let

U : P4(R) — R3 be a linear transformation having the matrix representation

1 1 0
Uz=10 1 -1 1
1 -1 1 1

1

1

1. Find U(z* — 22+ 1).
2. Find the matrix representation of T + Uj that is, [T + U]g
3. Find the rank and the nullity of U. Exercise!!

Exercise 2.2.8

Let T : Po(R) — R3 be a linear transformation satisfying:

T(1) = (1,1,1), T(1 +2) = (1,2,1), and T(1+x+2?) = (1,0,1).

1. Find a matrix representation of T relative to the standard ordered bases for P;(R) and
R3. Evaluate T (g(z)), where g(z) = 2> — 3z + 1.
2. Find bases for R(T) and N (T).




2.3. Compositions and Isomorphisms of Linear 'Iransformations 31

In this section, we consider invertible linear transformations. We furthermore consider isomorphism

linear tranformations.

Definition 2.3.1

A linear transformation is called an isomorphism of vector spaces if it is a bijection.

Example 2.3.1

Let T : R? — R3 be the linear transformation defined by
T(z,y,2) = (+y+z2+y1).

Find [T] g where 3 is the standard ordered basis of R?, and show that T is an isomorphism.

Solution:
Clearly
T(laOa()) = (17171) = [T(lvoao)]ﬂ = (171?1)
T(O,]_,O) = (17170) = [T(Oala())]ﬁ - (17170)
1 1 1
Therefore, A=[T], = |1 1 0. Note that A is nonsingular with | A= —1 # 0.
1 0 0

Now to prove that T is an isomorphism, we need to show that it is a bijection.

z,y,2) € R® : T(z,y,2) = (0,0,0) }

) =1
{ r,y,2) €R? : (x+y—|—z,x+y,x)=(0,0,0)}
{(0,0,0) }.

That is T is a one-to-one and hence it is onto as well. Therefore, T is a bijection and thus it

is an isomorphism.

We now prove that the composite of linear transformations is linear. Note that, we write TU

instead of T o U.



w
[\]

Chapter 2. Linear Transformations and Matrices

Theorem 2.3.1

Let V, W and Z be vector spaces over the same field F. Let T : V - W, U: W — Z be
linear. Then UT :V — Z is linear.

Proof:

Let z,y € V and a € F. Then

UT(ax +y) = U(T(ax + y)) = U(aT(x) + T(y))
= aU(T(z)) + U(T(y)) = a(UT)(z) + UT(y).

Theorem 2.3.2

Let V be a vector space. Let T,U;, Uy € L(V). Then,

T(U, + U,) = TU, + TU, and (U, + Uy)T = U, T + U,T.
T(U,U,) = (TU,)Us,.

TI, = I,T = T.

a(U;Usy) = (aU;)Uy = Uy (aU,) for all scalars a.

= 2R =

Theorem 2.3.3

Let V, W and Z be finite-dimensional vector spaces with ordered bases «, § and 7, respec-

tively. Let T:V — W, U: W — Z be linear transformations. Then
[UT]], = [UJ}[T]

Moreover, for each x € V, we have

We now illustrate Theorem 2.3.2 in the next example.

Example 2.3.2

Let T : R? — R3 and U : R® — R? be the linear transformations respectively defined by

T(I‘,y) = (l‘-'—y,ﬂ? - y737> and U(.fC,y, Z) = (27‘7: - Z)‘
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Find a matrix representation for UT, denoted by [UT ]g, where [ and 7 are the standard
bases of R? and R3, respectively.

Moreover, use Theorem 2.3.3 to find [T(2,3)],.

Solution:

Note that UT : R? — R? and

That iS, [UT]ﬁ =S [IRQ]ﬁ = Iz.

On the other hand, we can compute

1 1
0 0 1
Ul = d [T} = —1l,
o, L X 4] wd =1 -

to get
[UT], = [U))[T]} = L.

Moreover,

[T(2,3)], = [T]; [(2,3)], = (5,-1,2).

Definition 2.3.2

A matrix A € M,«,(R) is called invertible if there exists B € M, y,(R) such that AB =
BA=1,.

In this case, we say that B is the inverse of A and we write B = A~L.

Definition 2.3.3

Let V and W be vector spaces, and let T : V — W be linear. A function U : W — V is said
to be an inverse of T if TU = Iy and UT = Iy.

In that case, we say that T is invertible and its unique inverse U is denoted by T
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| Remark 2.3.1 |

~ '

For any functions T and U, the following facts hold.

L (TU) '=Uu-'T .

2. (T~')~" =T in particular, T is invertible.

3. A function f is invertible if and only if it is a bijection. In particular, if T : V — W
is linear, then T is invertible if and only if T is a bijection (that is, if and only if

rank(T) = dim(V)).

Theorem 2.3.4

Let S and v be two ordered bases for the two vector spaces V and W of the same dimension,

respectively. Let T : V — W be a linear transformation. Then

L. T is invertible (a bijection) if and only if [T]} is invertible.
2. If T is invertible, then T~! : W — V is linear.

3. If T is invertible, then [T*1]5 = ([T]g)_l.

Example 2.3.3

Let T : R? — R? be the linear transformation defined by

T(z,y) = (z +2y,9).

Show that T is invertible, find [T ] 5, where 3 is the standard ordered basis of R? and use it
to find T~!(z,y) for any (z,y) € R2
Moreover, find [T(z,y)]; and [T~ (2, y)] 4.

Solution:

Clearly,
T(e;) = T(1,0) = (1,0) =e; and T(es) = T(0,1) = (2,1) = 2e; + e».

That is,
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which is invertible as ) [T, ‘ =1 # 0. Moreover,

and hence
T e;) =T 1(1,0) = (1,0) =e; and T '(eg) =T H0,1) = (=2,1) = —2¢; + es.
Thus, for any (z,y) € R?, we have

T (z,y) = T~ (2(1,0) +y(0,1))
=2T7'(1,0) +yT*(0,1)

— 2(1,0)+y(=2,1) = (¢ — 2.y).

Finally,

and
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Example 2.3.4

Let T : P;(R) — R? be the linear transformation defined by
T(a+bx) = (a,a +b).

Show that T is invertible and determine T—!.

Solution:

Consider 3 and « as the standard ordered bases for R? and P;(R), respectively. Clearly,
T(1) = (1,1) and T(x) = (0,1) which implies
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That is
[T—l(a,b)}7 = [T—l];[(a, b)ls = [_11 (1)] H -

Therefore,

T (a,b)=a-1+(—a+b)-z2=a+ (b—a)x.

Definition 2.3.4

vector x € F". We call L 4, the left multiplication transformation.

Let A € M« (F). We define the mapping L4 : F* — F™ by La(z) = Ax for every column

Example 2.3.5

1
Let A= 3 _11 ;] and L4 : R3 — R2 Find L4 (z) where z = | —1].
2
Solution:
2 1 3 L 9
La(z) = Az = B —1| = € R
() 0 1 2] 21 3

[ Remark 2.3.2

Let A, B € M,,»x,(F) and let ¢ € F. Then

. L4 is a linear transformation.

1
7
3. Ly =Lpgif and only if A = B.

4. Layp =L+ Lp and L.y = cLy4.
5. If C € M, »,(F), then Lac = LLe.
6

(Lg) ' =Ly

. [L A]g = A, where 5 and ~ are the standard ordered bases for F™ and F™, respectively.

It A € Myun(F), then A is invertible if and only if Ly is invertible. Furthermore,
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Exercise 2.3.1

Let T : R? — R3 and U : R® — R? be the linear transformations respectively defined by
T(I,y):($+y7$—y7$) and U(J],y,Z):(ZE—f-y—Z,[E—Z).

Find a matrix representation for UT.

Exercise 2.3.2

Let g(z) = 3+ x. Let T : Py(R) — Py(R) and U : Po(R) — R? be the linear transformations
respectively defined by

T(f(x)) = f'(z) g(x) +2f(x) and U(a+bx+cz?) = (a+b,c,a—1b).

Let 8 ={1,z,2%} and v = {(1,0,0), (0,1,0),(0,0,1) } be the standard bases for Py(R) and

R3, respectively.

1. Compute [U]}, [T]5, and [UT]} directly. Then use Theorem 2.3.3 to verify your result.
2. Let h(z) = 3 — 2z + 2> Compute [h(z)]; and [U(h(z))],. Then use [U]} from part (1)

and Theorem 2.3.3 to verify your result.

Exercise 2.3.3

Let T be the linear transformation defined in the corresponding part of Exercise 2.2.5 of

Section 2.2. Use Theorem 2.3.3 to compute the following vectors:

1. [T(f(x))],, where f(z) =4 — 6z + 3.
2. [T(f(x))],, where f(z) =6 —x + 22>

Exercise 2.3.4

Let T : R? — R? be the linear transformation defined by
T(z,y) = (2z +y, 5z + 3y).

Show that T is invertible and determine T—!.
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Exercise 2.3.5

Let T : R? — R3 be the linear transformation defined by
T(a,b,c) = (3a — 2¢,b,3a + 4b).

Show that T is invertible and determine T—!.
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Definition 2.5.1

Let B and v be ordered bases for a finite-dimensional vector space V, and let ) = [Iv]f,

where Iy : V — V is the identity linear transformation. Then (@) is called the change of
coordinate matrix (it changes 7-coordinate into S-coordinate). Moreover, @) is invertible

and Q! changes $3-coordinate into y-coordinate.

Theorem 2.5.1

Let T be a linear operator on a finite-dimensional vector space V. Let 5 and v be two ordered
bases for V, and let ) be the change of coordinate matrix that changes v-coordinates into

[-coordinates. Then

1. Forany z € V, [z], = Q [z], and
2 [T], = @' [T], Q.

Example 2.5.1

Let 8 = {(1,0),(0,1)} and v = {(1,-1),(2,1)} be two ordered bases for R? and let
T : R? — R? be defined by T(a,b) = (a+b,a—2b). Find the change of coordinate matrix Q,
that changes 7-coordinates into -coordinates, and use it to find [T].. Find [(5,1)], using Q.

Solution:

Note that
Ig:(1,-1)=(1,-1)=1-(1,0)+ (—-1)-(0,1) & Ig:(2,1)=(2,1)=2-(1,0)+1-(0,1).
Thus, the matrix that changes v-coordinates into -coordinates is
QZ(l 2) _ Q_lzl(l —2)‘
-1 1 3\1 1
To find [T],, we use [T] = Q' [T]; Q and

T(1,0) = (1,1) =1-(1,0)+1-(0,1) [1 1]
T(0,1) = (1,-2) = 1+ (1,0) + (=2) - (0, 1) '
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Thus, [T}, = Q' [T, Q

* Confirmation:

T(1,-1) = (0,3) = =2 (1,—-1) + 1- (2, 1), and

T(2,1) = (3,0) =1-(1,—=1)+1-(2,1).

Finally, note that [(5,1)]; = Q[(5,1)],, where [(5,1)], = (1,2) since (5,1) =1-(1,—-1) +2-

1 2 1
(2,1). Therefore, [(5,1)]5 = (_1 1) (2)
(0,1).

(?) which is true since (5,1) =5 (1,0) + 1 -

Example 2.5.2

Let 3 ={(1,1),(1,—1)} and v = {(2,4),(3,1) } be bases for R?. (a) What is the matrix Q
that changes y-coordinates into S-coordinates, and use it to find [(1,7)]; and [(1,7)],. @ If
T : R? — R? is the linear operator on R? defined by T(a,b) = (3a — b,a + 3b), find [T]..

Solution:

(a): We first consider:
Ip2(2,4) = (2,4) = c1(1,1) + co(1,—1) = 3(1,1) + (—1)(1,—-1), and
Trz(3,1) = (3,1) = e1(1, 1) + (1, —1) = 2(1,1) + 1(1, = 1).

Thus, the matrix that changes vy-coordinates into S-coordinates is

(3 2 o 1f1 =2
Q_<—1 1) @ _5(1 3)'

To compute [(1,7)]4, consider (1,7) = 2(2,4) +(—1)(3,1); hence [(1,7)], = [_2 . Therefore,
_ (3 2Y|2| |4
0,7, =Q (1,7, = (_1 1) H - H ,
which is true since (1,7) =4(1,1) + (=3)(1, —1).
To compute [(1,7)],, consider (1,7) = 4(1,1)+(—3)(1, —1); hence [(1,7)]5 = [ 4 Therefore,
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which is true since (1,7) = 2(2,4) + (=1)(3,1).

@: Note that
T(1,1) =(2,4) =3-(1,1)+(-1) - (1,-1),
T(1,-1)=(4,-2)=1-(1,1)+3-(1,-1).
(3 1
Thus [T], = (_1 3) and hence

Which can be seen if we consider

T(2,4) = (2,14) =@ (2,4 +(:2)- (3,1) = [T(2,4)], = (4,~2). "1 column of [T]

~

T(3,1)=(8,6) =1 (2,4)+(2)-(3,1) = [T(3,1)], =(1,2). "2"* column of [T] "
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Example 2.5.3

Let T be the linear operator on R? defined by
T(a,b,c) = (2a + b,a+ b+ 3c,—b),

and let 5 = {(1,0,0),(0,1,0),(0,0,1) } and v = {(—1,0,0),(2,1,0),(1,1,1) } be bases for
R3. Find [T] 8 [T] ,» and the matrix @ that changes the y-coordinates into S-coordinates.

Solution:
Clearly,
Izs(—1,0,0) = (—1,0,0) = —1(1,0,0) + 0(0,1,0) 4+ 0(0,0, 1)
Irs(2,1,0) = (2,1,0) = 2(1,0,0) + 1(0,1,0) 4+ 0(0,0, 1)
Igs(1,1,1) =(1,1,1) = 1(1,0,0) + 1(0,1,0) + 1(0,0, 1).
Hence
-1 2 1 -1 2 -1
Q=10 1 1|=Q'=]0 1 -1
0 0 1 0O 0 1
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Computing [T,

T(1,0,0) = (2,1,0) = 2(1,0,0) 4 1(0, 1,0) + 0(0,0, 1)
T(0,1,0) = (1,1, —1) = 1(1,0,0) + 1(0,1,0) + (—1)(0,0,1)

T(0,0,1) = (0,3,0) = 0(1,0,0) + 3(0, 1,0) + 0(0,0, 1).

2 1 0 0 2 8
Thus [T]B =11 1 3|, and hence [T],y =Q! [T]ﬁ Q=|-1 4 6
0 -1 0 0 -1 -1

Confirming;:

T(~1,0,0) = (=2, —1,0) = 0(—1,0,0) + (—1)(2,1,0) + 0(1,1,1)
T(2,1,0) = (5,3, —1) = 2(—1,0,0) + 4(2,1,0) + (—=1)(1,1,1)
T(1,1,1) = (3,5,—1) = 8(—1,0,0) + 6(2,1,0) + (=1)(1,1, 1).

Definition 2.5.2

Let A and B be matrices in M, «,(F). We say that B is similar to A if there exits a
non-singular matrix P such that B = P~'AP. In that case, we write B = A.

| Remark 2.5.1 |

Note that if T is a linear operator on a finite-dimensional vector space V, and if § and ~ are

any ordered bases for V, then [T], is similar to [T],.

Theorem 2.5.2

Let A, B,C € M, x,(F). Then

1. A=A

2. If B= A, then A= B.

3. If A= B and B=C, then A=C.
4. If A= B, then |A| =|B|.
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Let 8 ={(-4,3),(2,—1) } and v = {(2,1),(—4,1) } be two ordered bases for R%. Find the

change of coordinate matrix ), that changes y-coordinates into S-coordinates.

Exercise 2.5.2

Let 8 ={(1,0),(0,1) } and v = {(1,1),(1,2) } be two ordered bases for R?, and let T : R? —

R? be defined by T(a,b) = (2a + b,a — 3b). Find the change of coordinate matrix @, that

changes y-coordinates into -coordinates, and use it to find [T] . Find [(5,1)], using Q.
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3

Elementary Matrices and Determinants

Section 3.1: Elementary Matrices

Definition 3.1.1

Let A be an m x n matrix. Any one of the following three operations on the rows (columns)

of A is called an elementary row (column) operation:

1. interchanging any two rows (columns) of A,
2. multiplying any row (column) of A by a nonzero scalar,

3. adding any scalar multiple of a row (column) of A to another row (column).

Any of these three operations is called elementary operation. These operations are called of

type 1, type 2, or type 3 depending on whether they are obtained by 1, 2, or 3.

Definition 3.1.2 Elementary Matrix

An n x n elementary matrix is a matrix obtained by performing an elementary operation
on I,. The elementary matrix is said to be of type 1, 2, or 3 according to whether the

elementary operation performed on [, is a type 1, 2, or 3 oeration, respectively.

Now we give an important result that uses elementary matrices. Elementary matrices of the three

types are explained afterward.

Theorem 3.1.1 Elementary Matrices

Every invertible matrix is a product of elementary matrices.

45
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e Elementary Matrices (Type 1)

Consider the following product of a 3 x 3 matrix A with an elementary matrix (of type 1) T}

obtained by changing the first and second rows (columns) of I5:

0 1 O0flan a2 a3 Q21 Q22 Q23
TigA=11 0 0| |agr as as| = |an ap a3
0 0 1f|ann as ass agy azy ass

Note that ry <+ ro. Moreover the following product produces c¢; <> ¢

ann aiz az| |01 0 a2 ap; a3
ATI,?Z a1 Qe axs| |1 0 0] = |ax axn a3
a1 aszx as| [0 0 1 asy as; ass
That is, if ) -
1
0 1
E,j: )
1 0
1
then

e T;,; A is the matrix obtained from A by interchanging rows ¢ and j.

o AT, is the matrix obtained from A by interchanging columns 7 and j.

Note that Tfj = T; ;T ; = I which implies that the T; ; is invertible and its inverse is 7; ;. That is,
-1
Tz‘,j = Ti,j'

Moreover, det(T; ;) = —1 = —det(,, ). Hence

det(T;; A) =det(AT;;) = —det(A).
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e Elementary Matrices (Type 2)

Now we consider elementary matrices of type 2, denoted by D;(m), obtained by multiplying row i

(column i) of I,, by a nonzero scalar m. That is,

1

It follows that

e D;(m) A is the matrix obtained from A by multiplying row i by m.
e A D;(m) is the matrix obtained from A by multiplying column i by m.

Note that det( D;(m)) = m # 0 and hence D;(m) is invertible. Moreover,

D7 m) = DZ<;L> since D;(m) Dl(7711> = I,.

Also,
det( D;j(m) A) = det( AD;(m)) = mdet( A).
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e Elementary Matrices (Type 3)

Here we consider elementary matrices of type 3, denoted by L;;(m), obtained by adding row j

(column ¢) multiplied by a scalar m to row i (column j) of I,,. That is,

1

It follows that

e L; j(m) A is the matrix obtained from A by adding m times row j to row i.

o AL, ;(m) is the matrix obtained from A by adding m times column ¢ to column j.

Note that det( L; j(m)) =1 # 0 and hence L, ;(m) is invertible. Moreover,

L-_-l(m) = L; ;(—m) since L; j(m) L; j( —m ) = I,,.

Z?-]

Also,
det(L; j(m)A) =det(AL;;(m)) =det(A).
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Exercise 3.1.1

Let

5 and E1 =

(e
&
Il

oS = O
o O =
_ o O
S O =
o = O
o O O

a b c

For A=|d e f|,compute E; A for:=1,2,3, and conclude the effect of F; on A in the
g h
r 3

product for i = 1,2
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Section 3.2: Determinants

We first start with the following facts about determinants of elementary matrices.

1. If F is an elementary matrix of type 1, then det( £') = —1.

2. If E is an elementary matrix of type 2 (by multiplying a row (a column) by a nonzero scalar
m), then det( E') = m.

3. If E is an elementary matrix of type 3, then det( F') = 1.

The rest of this section recalls some important facts about properties of determinants.

Theorem 3.2.1

Let A, B € M,»,(F). Then

1. det( AB) =det(A)-det(B).
2. A is invertible if and only if det(A) # 0. Furthermore, if A is invertible, then
1
det( A™") =
et(47) det(A)
det( A') = det( A).

If A has rank less than n, then det( A) = 0.

If A has a row (or a column) consisting entirely of zeros, then det( A) = 0.
If A has two identical rows (or columns), then det( A) = 0.
det(cA) =c"det( A).

Theorem 3.2.2 Cofactors

Let A € M,xn(F), where n > 2. Then

N & & > §2

det(A) = D (~1)" Ay - det( Ay ),

j
(if the determinant is evaluated by the entries of row i of A) or
det( A) = Z(—l)lJrjAU o det(A” ),
i=1
(if the determinant is evaluated by the entries of column j of A), where A;; is the cofactor of
the row i and column j; and A;; is the (n — 1) x (n — 1) matrix obtained from A by deleting

row ¢ and column j.
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A matrix A € M, x,(F) of the form

1 1 1
Ty X2 Tn
2 2 2
Ty ) Ty
n—1 n—1 n—1
I T Ty x,

51

det(A)= [ (zj—=)
1<i<j<n
Example 3.2.1 |
9 3 4 5
3 4 5 2
Compute det( A), where A = :
4 5 2 3
5 2 3 4
Solution:
2 3 4 5 14 3 4 5 1 3 4 5
’A‘:?) 4 5 2 Cl+cml;cl+cﬁcl>:14 4 5 2 14 1 4 5 2
4 5 2 3 ol st 4 5 2 3 1 5 2 3
5 2 3 4 14 2 3 4 1 2 3 4
1 3 4 5
1 1 -3
*T1+T2HT2;*T1+T3%T3> 14 0 1 1 —3 — 149 _9 1
STt 0 2 -2 -1
-1 -1 -1
o -1 -1 -1
1 1 -3
DA o g 1| = (14)(—4) = (14)(—4)(—4) = 224.
2 -2
0 0
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Exercise 3.2.1

Verify that
1 -1 2 -1
-3 4 1 —1
= 154.
2 -5 -3 8
-2 6 —4 1

Exercise 3.2.2

Verify that
0 2 1 3
1 0 -2 2
= —3.
3 -1 0 1
—1 1 2 0
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5 Diagonalization

Section 5.1: Eigenvalues and Eigenvectors

Definition 5.1.1

Let A € My,«n(F). We define the mapping L, : F" — F™ by L4(xz) = Ax for every column

vector x € F". We call L 4, the left multiplication transformation .

Example 5.1.1

1
Let A= 3 _11 ;] and Ly : R?* — R% Find La(z) where x = |—1].

2

Solution:

La(z) = Az

[ Remark 5.1.1

Let A, B € M,«n(F) and let ¢ € F. Then

1. L4 is a linear transformation.

2. [L A]g = A, where 8 and v are the standard ordered bases for F” and F™, respectively.
3. Ly =Lpgifand only if A = B.

4. La,p=Ls+Lpg and L.y = cLj.

Definition 5.1.2

A linear operator T on a finite-dimensional vector space V is called diagonalizable if there

is an ordered basis 8 for V such that [T]; is a diagonal matrix. A square matrix A is called

diagonalizable if L 4 is diagonalizable.
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Definition 5.1.3

Let T be a linear operator on a vector space V. A nonzero vector x € V is called eigenvector
(or e-vector for short) of T if there exists a scalar A such that T(x) = A x. The scalar \ is

then called eigenvalue (or e-value for short) corresponding to x.

[ Remark 5.1.2 ]

Let A € My (F).

e A nonzero vector x € [F" is called e-vector of A if and only if x is an e-vector of L.

e ) is an e-value of A if and only if A is an e-value of L.

Theorem 5.1.1

A linear operator T on a finite-dimensional vector space V is diagonalizable if and only if there

exists an ordered basis [ for V consisting of e-vectors of T. Furthermore, if T is diagonalizable,
B={w1,22,--+, 1, } is an ordered basis of e-vectors of T, and D = [T], = (d;;), then D is a

diagonal matrix and d;; is the e-values corresponding to x; for 1 < j < n.

Note that to diagonalize a matrix or a linear operator is to find a basis of e-vectors and the

corresponding e-values.

Example 5.1.2

Consider A = ( 1 1), %= (1), = (1) Then
—2 4 1 2
Li(z) = Az = (;) =2 (1) =2z and La(y) = Ay = (2) =3 (;) = 3y.

That is 2 and 3 are e-values of L4 corresponding to e-vectors x and y, respectively.

Note that 8 = {x,y} is an ordered basis for R? consisting e-vectors of both A and L4, and

therefore A and L4 are both diagonalizable. Moreover,

[LA]ﬁ = ((2) g) )

where [La(7)]; = (2,0), and [La(y)]; = (0,3).
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Theorem 5.1.2

Let A € M,y (F). Then a scalar A is an e-value of A if and only if | A — AI,, | = 0.

A scalar )\ is an e-value of A iff there exists a nonzero vector z € F” such that

Ar= o Az - e =0 (A—\,)r =0 A— A, is singular & |A — A, | = 0.

Definition 5.1.4

o Let A € M,x,,(F). The polynomial f(t) =|A — tl, | is called the characteristic polyno-

mial of A.
e Let T be a linear operator on an n-dimensional vector space V with ordered basis 5. We

define the characteristic polynomial f(t) of T to be

ft)=|A—tl,|, where A=[T];.

Example 5.1.3

Find the e-values of A = (i i) .

Solution

We use the characteristic polynomial f(\) =|A — Az | =0.

1—A 1

=(1=-XN2—-4=X-22-3=\N=3)(\+1)=0.
PR R SR (A =3)(A+1)

Therefore, A = —1 and 3 are the e-values of A.

Example 5.1.4

Let T be a linear operator on Py(R) defined by

Find the e-values of T.

Solution:
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Let A = [T]; where 8 = {1,z,2” } is the standard ordered basis for Py(R). Then

T(1)=1=1-1+0-2+0-2?
+(z+1)=2c+1=1-1+2-2+0-2°

x
T<x2):$2+($—|—1)2x:3x2—|—2x:0.1+2.x+3,x2_

1 1 0
Thus, A= |0 2 2|, and hence
0o 0 3
1—A 1 0
fN)=1A=X;]=] 0 2— A 2 |=(1-=X2-NB-A)=0.
0 0 3—-A

Therefore, \ is an e-value of A iff A = 1,2, or 3.

Note that if A is an n x n matrix, then f(t) = |A —tL, | = (=1)"" + a, 1" ' + -+ + ayt + ao,

is of degree n.

Theorem 5.1.3

Let A € M, (F) with characteristic polynomial f(¢). Then

1. f(t) is a polynomial of degree n with leading coefficient (—1)".
2. A has at most n distinct e-values.

3. f(0)=ao=A|

The following theorem describes a procedure for computing the e-vectors corresponding to a given

e-value.

Theorem 5.1.4

Let T be a linear operator on a vector space V, and let A be an e-value of T. A vector x € V

is an e-vector of T corresponding to A if and only if z # 0 and € N(T — \I).
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Example 5.1.5

Let A = (i 1) . Find all e-vectors of A.

Solution:

We start finding the e-values using f(A\) = | A — Ay | = 0. Thus

1—A 1

A— N | =
| 2| 4 1— X\

=(1-X?’—-4=X2-22-3=A-3)(A+1)=0.

Thus Ay = —1 and Ay = 3.
For Ay = —1: Let B = A— M\ [, = (i ; . Then z; = (Z) € R? is an e-vector corre-

sponding to A\; = —1 iff #; # 0 and z; € N (Lp,). That is

L31<£L‘1) = Bll'l =0 = (2 1) (CL) = (O) o
4 2] \b 0

This is a homogenous system which can be solved using r.r.e.f. as follows:

- . )
2Ly op e o = a+-b=0 = b= —2a.
4 2|0 0 010 2
That is, z; € N(Lp,) = { t 12) :0#£teR } Thus z; is an e-vector of A corresponding
to\y =—1iff x; =t ( 12 for some nonzero t € R.

For \y =3: Let By = A — X\l = (_42 1 ) Then zo = (Z) € R? is an e-vector

corresponding to Ay = 3 iff x5 # 0 and 25 € N (Lp,). That is

LB2($2> =5 BQ.CL’Q =0 = (_2 1 ) (a) = (O) .
4 -2/ \b 0

This is a homogenous system which can be solved using r.r.e.f. as follows:
-2 1 |0 |1 =3
4 -2 10 0 0

That is, 2 € N (Lp,) = { U (;) :0#teR } Thus x5 is an e-vector of A corresponding to

0

= a—lb:O = b= 2a.
0 2

Mo =312y =1 (;) for some nonzero t € R.
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Remark:

Note that v = { ( 12) , (;) } is an ordered basis for R? containing e-vectors of A. Thus

L4, and hence A, is diagonalizable and if ) = ( 12 ;), then Q7 1AQ = (_01 g)

[ Remark 5.1.3 ]

Note that to find the e-vectors of a linear operator T on an n-dimensional vector space V:

1. Select an ordered basis for V, say .
2. Let A = [T] 5- Then x € V is an e-vector of T corresponding to A if and only if ] 8

the coordinate vector of x relative to 3, is an e-vector of A corresponding to A.
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Exercise 5.1.1

Let T be the linear operator defined on Py(R) by

T (f(z)) = f(x) + (z + 1) f'(2).

Find the e-vectors of T and an ordered basis v for P2(R) so that [T], is diagonalizable.

Let T be the linear operator defined on R? by T(a,b) = (—2a + 3b, —10a + 9b). Find the

e-values of T and an ordered basis v for R? such that [T ., Is a diagonal matrix.
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Section 5.2: Diagonalizability

In this section, we introduce a simple test to determine whether an operator or a matrix can be

diagonalized. Also, we present a method for finding an ordered basis of e-vectors.

Theorem 5.2.1

Let T be a linear operator on a finite-dimensional vector space V, and let A1, Ao, -+, \x be
distinct e-values of T. If xy, 29, -+, 2 are e-vectors of T such that \; correspond to z;
(1 <i<k),then {x,xq, -,z } is linearly independent set in V.

Theorem 5.2.2

Let T be a linear operator on an n-dimensional vector space V. If T has n distinct e-values,

then T is diagonalizable.

Example 5.2.1

Is A= (1 1) diagonalizable? Explain.

Solution:

We first start to find the e-values of A (and hence of L 4) using its characteristic polynomial:

1—-A 1

F=la-ap =t T

=(1-X’-1=X2-22=21X-2)=0.

Therefore, \; = 0 and Ay = 2. Since Ly is a linear operator on R? and has two distinct

e-values (0 and 2), then L4 (and hence A) is diagonalizable.

[ Remark 5.2.1

The converse of Theorem 5.2.1 is not true in general. That is if T is diagonalizable, then T

not necessary has distinct e-values.
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Definition 5.2.1

We say that a polynomial f(t) € P(F) splits over F if there are scalars ¢, ay, as,- -+, a, (not

necessary distinct) in I such that

ft)=c(t—a)(t—az) - (t —ay,).

Example 5.2.2

Note that f(t) = t* — 1 splits over R, but g(¢) = t* + 1 does not.

Theorem 5.2.3

The characteristic polynomial of any diagonalizable linear operator splits.

Proof:

Let T be a diagonalizable linear operator on the n-dimensional vector space V with an ordered
basis 3 such that [T]; = D = diag(Ai, Ag, -+, A,) is a diagonal matrix. The characteristic

polynomial of T is
A —t 0
f(t) =|[Tly—th,| =D —tI| =
0 Ap — t

=M=t =t) A =t)=(=D)"t—=X) - (t = An)-

Definition 5.2.2

Let A be an e-value of a linear operator or a matrix with characteristic polynomial f(t). The
(algebraic) multiplicity of ) is the largest positive integer k for which (¢t — \)* is a factor
of f(t). We write m(\) to denote \’s multiplicity.

Example 5.2.3

Consider the characteristic polynomial f(¢) = (¢t — 2)*(t — 3)%(t — 1). Hence A\ = 2,3, 1 are
the e-values with multiplicities: m(A =2) =4, m(A=3) =2, and m(A=1) = 1.
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Definition 5.2.3

Let T be a linear operator on a vector space V, and let X\ be an e-value of T. Define
E)\ = {.TEV 3 T(.’E) Z/\.'I?} :N<T—>\Iv)

The set E) is called the eigenspace (or e-space for short) of T corresponding to A\. We also

define the eigen space of a square matrix A to be the eigen space of L 4.

[ Remark 5.2.2

Let T be a linear operator on a vector space V, and let A\ be an e-value of T. Then

1. E) is a subspace of V.
2. F)\ consists of the zero vector and the e-vector of T corresponding to A.

3. dim(FE)) is the maximum number of linearly independent e-vectors corresponding to A.

Theorem 5.2.4

Let T be a linear operator on a finite-dimensional vector space V, and let A be an e-value of

T having multiplicity m. Then 1 < dim(E)) < m.

Theorem 5.2.5 Diagonalization Test

Let T be a linear operator on an n-dimensional vector space V. Then, T is diagonalizable if

and only if both of the following conditions hold.

1. The characteristic polynomial of T splits, and
2. For each e-value A of T, m(\) = dim(E)) = n — rank(T — AIy).

Moreover, if T is diagonalizable and f; is an ordered basis for E), for i« = 1,--- ,k, then
B = p1U---UpPy (in corresponding order of e-values) is an ordered basis for V consisting of

e-vectors of T.
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Example 5.2.4

Let T be a linear operator on Py(R) defined by T (f(x)) = f'(x). Is T diagonalizable?

Explain.

Solution:

Choose the standard ordered basis = {1, z,2? } for Po(R). Then,

T(1)=0=0-140-24+0-2° 0 1 0
T(z)=1=1-1+0-2+0-2? = A=[Tl;=|0 0 2
0 0 0

T(2?)=2x=0-1+2-2+0- 2>

The characteristic polynomial of T is

-2 1 0
fO=1A=Xz[=l0 -x 2|=-X=0
0 0 =

Therefore, T has one e-value A = 0 with multiplicity m(0) = 3. The e-space E) corresponding
to A =01is Ey = N(T — \I3) = N(T). That is,

a 0 1 0 a 0 1
Ex=<X|b|leR: o o 2||bs|l=]0]l¢;=<t]0
¢ 0o 0 o0)\e 0 0

Hence F) is the subspace of Py(R) consisting of the constant polynomials. So, {1} is a basis
for £\ and hence dim(E,) = 1 # m(0) = 3.
Therefore, there is no ordered basis for Py(R) consisting of e-vectors of T. Therefore, T is

not diagonalizable.

Example 5.2.5

Let T be a linear operator on R? defined by T(a, b, ¢) = (4a+c, 2a+3b+2c, a+4c). Determine

the e-space corresponding to each e-value of T.

Solution:
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Choose 3 = { Ey, By, F3 } the standard ordered basis for R?. Then,

T(E) = (4,2,1)=4-E,+2-Ey+1- F;

4 0 1
T(E;) = (0,3,0)=0-E; +3-E;,+0- E3 = A=[Tl;=|2 3
T(Es) = (1,2,4) =1-E, +2-E, +4- By L0 e
The characteristic polynomial of T is
4— )\ 0 1
fAO)=|A=A|=| 2 3—\ 2 |=--=B=ANA=-3)(A=5)=0
1 0 4— A

Thus, T has e-values: A\; = 3 with m(3) =2 and Ay = 5 with m(5) = 1.
For E, : The e-space E), corresponding to A\; = 3 is Ey, = N(T — 3I3). Therefore

1 0 1) [a 0
Ey={(abc)ecR: 2 0o 2f|b|l=]0
1 0 1 € 0
This is can be solved as follows:
1 0 110 1 0 110
2 0 2|0/~0 0 0|0 =a=-cc=rb=tekR
10 110 0O 0 00
Setting r,t € R, we get
—1
Ex=<rl 0 |+t|l1]|:¢t,reR
1
-1 0
Therefore, v, = 01,]1 is a basis for F)y,. Thus, dim(E),) =2 = m()\).
1 0

For E,: The e-space E), corresponding to Ay = 5 is Ey, = N(T — 5I3). Therefore

—1 0 1 a 0
E,,={ (a,bc)cR®: | 2 —2 2 bl=10
1 0 —1 c 0

This is can be solved as follows:

0 1 0
2 -2 2 0l ~ |0 1 -2 0] = a=cb=2cc=teR
0 0 0
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Setting r,t € R, we get

1
Therefore, vo = 2 is a basis for F,,. Thus, dim(FE),) =1 =m(\s).
1
—1 0 1
Afterall, v = vy Uy = of,111],]2 is a basis for R? consisting e-vectors of T.
1 0 1

Therefore, T is diagonalizable and

3 0 0
[T, =]0 3 0
0 0 5
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Example 5.2.6

Let A = ((1) _32) . Is A diagonalizable? Explain your answer and compute A™ for positive

integer n.

Solution:

The characteristic polynomial of A is

—i —7)

s =la-tul=|"

=1*-3t+2=©t—-1){t—2)=0.

Thus, A\; = 1 with m(1) = 1 and Ay = 2 with m(2) = 1. Then the operator L4 has two
distinct e-values and hence A is diagonalizable.

For E),: The e-space E), corresponding to \; =1 is E), = N (A — 11). Therefore

soeqene (1 5) )= 0))

This is can be solved as follows:

-1 2 —9%,
1 2

SCECN
¢
s
I
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Setting b =t € R, we get

Ehz{t(—Q) ;teR}.
1

—) . :
Therefore, v = { ( | ) } is a basis for E),.

For E),: The e-space E), corresponding to Ay = 2 is Ey, = N (A — 215). Therefore

e (7)) ()]

This is can be solved as follows:

2 2|0 [t 1|0 __,
1 1 0 0 0 0
Setting b =t € R, we get
By, = {t (_1) : tER}.
1
Therefore, v, = _1 is a basis for F,.

Thus, y =711 Uy = { (22) , (11) } is a basis for R? consisting of e-vectors of A.

1 0

0 2

Note that D := [L4], = ( .

) = Q'AQ where Q = (_2 _11) and Q' =

(_1 _21) Therefore, A = Q D Q™! and hence A" = Q D" Q~*; that is

1
e (=2 1y frr 0} (-1 ) f2-2¢  2_oei
1 1) \o 2¢)\1 2 —am i)

Direct Sum

Let T be a linear operator on a finite-dimensional vector space V. We can decompose V into simpler

subspaces which offers more insight on the behavior of T.

In the case that T is diagonalizable operator, the simpler subspaces are the eigenspaces of the

operator. However, This approach is of a great interest when the operator is not diagonalizable. This
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will be discussed in more details in Chapter 7.

Definition 5.2.4 Sum of Subspaces

Let Wi, Wy, --- W, be subspaces of a vector space V. We define the sum of these subspaces
to be the set
{vy+ve+--Fv v, €W, for1 <i<k},

k
which we denote by W, + W, + -+ W, or > W,.

i=1

Example 5.2.7

Let W, denote the xy-plane and W, denote the yz-plane. Both W, and W, are subspaces of
R3. Show that R3 =W, + W,.

Solution:

Let (a,b,c) € R3. Then, clearly
(a,b,¢) =(a,0,0)+(0,b,c),
where (a,0,0) € W, and (0,b,¢) € W,. Therefore,

R =W, + W,.

It is clear that the representation of (a,b,c) in Example 5.2.7 is not unique. For example,

(a,b,c)=1(a,b,0) 4 (0,0,c) is another representation.

Definition 5.2.5 Direct Sum of Subspaces

Let Wy, Wy, -+, W, be subspaces of a vector space V. We define the direct sum of these
subspaces W1, Wy, --- W, and write W, W, ® --- & W,, if

and

for each j (1 < j <k).
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In Example 5.2.7, one can see that R? # W, & W, since W, "W = {(0,z,0):z € R} #{0}.

Example 5.2.8

Let

W, ={(a,0,0,0):a,beR}
W, ={(0,0,c¢,0):ceR}
W, = {(0,0,0,d):deR}

be three subspaces of R*. Show that R?* is a direct sum of W, W, and W,.

Solution:

Let (a,b,c,d) € R Then, clearly
(a,b,c,d) = (a,0,0,0)+(0,0,¢,0)+(0,0,0,d),
where (a,b,0,0) € W, (0,0,¢,0) € W, and (0,0,0,d) € W,. Therefore,
R* =W, + W, + W,.
We also need to show that
W, N (W, +W3) =W, N (W, + W) =W;n (W, +W,;)={0}.
Clearly these equalities are clear. Therefore,

R'=W, oW, oW,

Theorem 5.2.6

Let Wi, Wy, --- W, be subspaces of a finite-dimensional vector space V. The following

conditions are equivalent.

1. V=W, oW, D---OW,.

2. V= Ek:Wz and, for any vectors vy, vy, -+ -, vg such that v; € W, (1 <i < k), if vy +vo+
e —1—%;1 = 0, then v; = 0 for all 7.

3. Each vector v € V can be uniquely written as v = v; + vg + - - - 4 v, where v; € W,.

4. If ~; is an ordered basis for W, (1 <1 < k), then 73 U~ U -+ U5, is an ordered basis
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for V.
5. Foreachi=1,2,--- ,k, there exists an ordered basis v; for W, such that v Uy U- - - Uy

is an ordered basis for V.

Theorem 5.2.7

A linear operator T on a finite-dimensional vector space V is diagonalizable if and only if V

is the direct sum of the eigenspaces of T.




70 Chapter 5. Diagonalization

Exercise 5.2.1

3 1 0
Let A= |0 3 0 |. Is A diagonalizable? Explain.
0O 0 4

Exercise 5.2.2

Let T be the linear operator on Py(R) defined by

T (f(z)) = f(1)+ f(0) -z + (£/(0) + f7(0)) - 2*.

Is T diagonalizable? Explain.
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Definition 5.4.1

Let T be a linear operator on a vector space V. A subspace W of V is called T-invariant

subspace of V if T (W) C W; that is if T(z) € W for all z € W.

| Remark 5.4.1 |

Let T be a linear operator on a vector space V. Then the following subspaces of V are

T-invariant:

1. {0}.

2. V.

3. R(T).

4. N(T).

5. E) for any e-value A of T.

Example 5.4.1

Let T be the linear operator on R? defined by T(a,b,c) = (a + b,b + ¢,0). Show that the

subspaces of R3, W, and W, are T-invariant, where

@:le{(a,b,O) ca,beR}, and @:Wgz{(a,o,()) a€eR}

Solution:

@: Clearly, T(a,b,0) = (a 4+ b,b,0) € W, for all (a,b,0) € W;. Thus, W, is a T-invariant
subspace of R3.
@: Clearly, T(a,0,0) = (a,0,0) € W, for all (a,0,0) € Wy. Thus, Wy is a T-invariant

subspace of R3.

Definition 5.4.2

Let T be a linear operator on a vector space V, and let z be a nonzero vector in V. The

subspace

W = span({ , T(z), T*(z), - }),
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where T?(z) = T(T(z)), T?>(z) = T(T(T(z))), and so on, is called a T-cyclic subspace of
V generated by z.

Example 5.4.2

Let T be the linear operator on R? defined by T(a,b,c) = (=b+ ¢, a + ¢, 3c). Determine the
T-cyclic subspace of R? generated by e; = (1,0, 0).

Solution:

We simply compute the set containing e; and T?(e;) for i =1,2,---.

T(e1) = T(1,0,0) = (0,1,0) = e,
T?(e;) = T (T (e1)) = T (ez) = (—1,0,0) = —e;.

Therefore, W = span({ e, T (e1),T?(e1), -+ }) = span({e1,ea }) = {(s,t,0) : s,t € R} is
the T-cyclic subspace of R? generated by e;.

[ Remark 5.4.2

Let T be a linear operator on a vector space V, and let x be a nonzero vector in V. The
subspace W generated by x is the smallest T-invariant subsapce which contains x. That is,

any T-invariant subspace of V containing x must contain W.

Example 5.4.3

Let T be the linear operator on Py(R) defined by T (f(x)) = f/(x). Determine the T-cyclic

subspace of Py(R) generated by z?.

Solution:

Note that T(z?) = 2z, T?(2?) = T(2z) = 2, and T3(2?) = T(2) = 0. Therefore, W =
span({ x?,2z,2}) = Py(R) is the T-cyclic subspace of Py(R) generated by x?.




5.4. Invariant Subspaces and The Cayley-Hamilton Theorem 73

Example 5.4.4

Let T be the linear operator on R* defined by T(a, b, c,d) = (a+b+2c—d,b+d,2c—d, c+d),
and let W= { (¢,s,0,0) : ¢,s € R}. Show that W is a T-invariant subspace of R*.

Solution:

Choose arbitrary = = (¢, s,0,0) € W. Then
T(z) = (t+s,s,0,0) € W.

Thus, T(W) C W and hence W is a T-invariant subsapce of R*.

Theorem 5.4.1

Let T be a linear operator on a finite-dimensional vector space V, and let W be a T-cyclic
subspace of V generated by = € V. Let dim(W) = k. Then {x,T(x), e ,kal(x)} is a
basis for W.

Example 5.4.5

Let T be the linear operator on R3 defined by T(a,b,c) = (=b+ ¢,a + ¢, 3¢), and let W be

the T-cyclic subspace of R? generated by e;. Find a basis for W.

Solution:

Clearly, e¢; = (1,0,0), T(e;) = (0,1,0) = eq, and T?(¢;) = T(ez) = (=1,0,0) = —e;.
Therefore, W = span({ej,es }) and hence dim(W) = 2. Thus, by Theorem 5.4.1, v =

{'e1,e3} is an ordered basis for W.

Theorem 5.4.2 The Cayley-Hamilton Theorem

Let T be a linear operator on a finite-dimensional vector space V, and let f(¢) be the char-
acteristic polynomial of T. Then f(T) = Ty, the zero transformation. That is, T "satisfies”

its characteristic equation.
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Theorem 5.4.3 The Cayley-Hamilton Theorem for Matrices

Let A be an n x n matrix, and let f(¢) be the characteristic polynomial of A. Then f(A) = 0,

the n X n zero matrix.

Example 5.4.6

Verify the Cayley-Hamilton theorem for the linear operator T defined on R? by T(a,b) =
(a+2b,—2a +b).

Solution:

Let 8 = { e, ez} be an ordered basis for R2. Then
T(e1) = (1,-2) = &1 + (—2)e2

T(ez) = (2, 1) = 261 + é9.

Thus, A =[T]; = ( 12 ?) The characteristic polynomial of T is therefore

FO) = | A—tl,| = 1_; 12t:(1—t)2+4:t2—2t+5:0.
That is,
F(T) = (T? — 2T + 51) (Z)
=12 (Y =21 (%) +51 ¢
T a+2b _ 9 a+2b 15 a
—2a+b —2a+b b
_ [ (a+2b) +2( 2a+b) n —2a —4b n ba
—2(a + 2b) + (—2a + b) 4a — 2b 5b
_ —3a + 4b —2a — 4b n Ha _ 0 _T, a)
—4a — 3b 4a — 2b 5b 0 b
Note that

f(A):A2—2A+5J:(_3 4>+(_2 _4>+(5 0):(0 0):0.
-4 -3 4 -2 0 5 0 0
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Now we try to decompose a finite-dimensional vector space V into a direct sum of as many
T-invariant subspaces as possible. For that we start to collect a few facts about direct sums of

T-invariant subspaces. These facts will be considered in Section 5.4.

Theorem 5.4.4

Let T be a linear operator on a finite-dimensional vector space V, and suppose that V =
W, eW,&---&W,, where W, is a T-invariant subspace of V for each i (1 < i < k). Suppose
that f;(t) is the characteristic polynomial of Tw, (1 <4 < k). Then fi(t) - fo(t) - -~ fr(t) is

the characteristic polynomial of T.

Let T be a diagonalizable linear operator on a finite-dimensional vector space V with distinct

eigenvalues A1, Ag, - -+, A\x. Theorem 5.2.7 shows that V is a direct sum of the eigenspaces of T.

Since each eigenspace is T-invariant, Theorem 5.4.4 shows that for each eigenvalue \;, the restric-
tion of T to E), has characteristic polynomial (A; —¢ )™, where m; is the dimension of E),. That

is, the characteristic polynomial f(t) of T is
FO) = (=)™ (Mg =)™ - (A — )™

It follows that the multiplicity of each eigenvalue is equal to the dimension of the corresponding

eigenspace.

Definition 5.4.3

Let By € Myxm(F) and By € M, (F). We define the direct sum of B; and Bs, denoted
By @ By, as the (m +n) x (m + n) matrix A such that

(Bl)ij for 1 S ’L,j S m

A= (BZ)(i—m),(j—m) form+1<i,7<m+n

0 otherwise.

If By, By, --- , By are square matrices with entries from F, then we define the direct sum of

By, By, - -+, By recursively by

Bi®B, @ ®By,=(B1®By®---® By_1) D By
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If A= B ® By ®--- @ By, then we often write
B, @) (@)
@) By (@)
A —
O O By,
Theorem 5.4.5
Let T be a linear operator on a finite-dimensional vector space V, and let W,, W, -.. /W,

be T-invariant subspaces of V such that V=W, @ W, & .--- & W,. For each i, let 3; be an
ordered basis for W,, and let § = S U U--- U Bg. Let A = [T]B and B; = |:TW1']B. for
t=1,2,--- k. Then, A=B, & B,®---® By.

Example 5.4.7

Let T be the linear operator on R* defined by
T(a,b,c,d)=(2a—b,a+b,c—d,c+d),
and let W, = {(5,¢,0,0):s,t € R} and W, = {(0,0,s,t) :s,t €R}.
Note that W, and W, are each T-invariant and that R* = W, & W,. Let 3; = { €1, es } and

P2 = {es,es} and hence B = B U By = {e1,ez,e3,¢4 }.
Then f31, B2 and (3 are bases for W,, W, and R*, respectively.
Let A = [T]ﬁ, B, = {Twl}ﬁl’ and By = {TWJ&. Then,

2 —1 1 —1
Bl = ) B2 = )
1 1 1 1
2 -1 0
B @) 1 1 0 0
A p— p—
@] B, 0 0 1 —1
0 0 1 1
Let f(t), fi(t), and f5(t) denote the characteristic polynomials of T, Ty , and Ty, respec-

and

tively. Then,

F(t) = det(A —tI) = det(By — tI)-det( By — tI) = fi(t) - falt).
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7

Example 5.4.8

Find the direct sum of the following matrices.

1 2
1 2
B, = ,B2—<3>7 and B3 = | 1 2 3
1 1
1 1
Solution:
Clearly, )
1 2 0 0 0 0
1 1 0 0 0 0
0 0o[3]0 0 o0
B B Bs =
L5 2 &) 2 o 0 o1 2 1
0 0 0 1 2 3
0 0 0|1 1 1
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Exercise 5.4.1

Let T be the linear operator defined on P1(R) by T (f(x)) = f(z)+ f'(x). Verify the Cayley-

Hamilton Theorem for T.

Exercise 5.4.2

Use Cayley-Hamilton Theorem to find A~ 'if A=]0 2 3
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Bilinear Forms

Section 6.1: Bilinear Forms

Definition 6.1.1

Let V be a vector space over a field F. A function H : V x V — F is called a bilinear form
on V if H is linear in each variable when the other variable is held fix; that is, H is a bilinear

form on V if

1. Hx+y,z) = H(x,z) + H(y, z) and H(ax,y) = aH (z,y) for all z,y,z € V and a € F.
2. H(x,y+2)=H(x,y) + H(x,z) and H(z,ay) = aH (z,y) for all z,y,z € V and a € F.

The set of all bilinear forms is denoted by B(V).

[ Remark 6.1.1 ]

The Definition 6.1.1 can be restated as: H is a bilinear form on V if

1. Hx+ay,z) = H(z,2z) + aH(y, z) for all z,y,2 € V and a € F.
2. H(z,y+az) = H(z,y) + aH(x,z) for all x,y,2 € V and a € F.

An obvious example of a bilinear form is the following: H : R x R — R defined by H(z,y) = xy.
Note the difference here: H(z,y) = « + y is linear and H(z,y) = zy is bilinear.

An inner product on a real vector space is a bilinear form, but an inner product on a complex

vector space is not, since it is conjugate-linear in the second component rather than (actually) linear.

Theorem 6.1.1 Bilinear Forms on R"

Every bilinear form on R™ has the form
H(x,y) =" Ay

for some n X n matrix A.

79
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Example 6.1.1

Define a mapping H : R? x R? —+ R by

H( (al) 7 (b1> ) = 2a1b1 + 3a1by + 4asby — agbs,
(05} b2

for (al) , (bl) € R2. Show that H is a bilinear form on R2.

a9 b2
Solution:
Note that if A = 2 $ cx= "), and Yy = i , then H(z,y) = x'Ay.
4 -1 as bg

Then H is a bilinear form on R? by the distributive property of matrix multiplication over

matrix addition. That is,
H(z+y,2) = (z* +y")Az = 2* Az + ' Az = H(z,2) + H(y, 2),

and

H(ax,y) = az' Ay = aH (z,y).

The same thing applies for H(z,y + z) and H(z,ay). Therefore, H is a bilinear form on R2.

[ Remark 6.1.2

For any bilinear form H on a vector space V over a field F, the following properties hold.

1. If, for any x € V, the functions L,, R, : V — [ are defined by
L.(y)=H(z,y) and R,(y)=H(y,z) forally eV,

then L, and R, are linear.
2. H(0,z) = H(z,0) =0 for all x € setV.
3. Forall z,y,z,w eV,

Hzx+y,z+w)=H(z,z)+ Hz,w)+ H(y, 2) + H(y, w).

4. If J:V xV — F is defined by J(x,y) = H(y,x), then J is a bilinear form.
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Matrix Representation of Bilinear Forms

Definition 6.1.2

Let V be a finite-dimensional vector space over a field F with a basis 8 = { 1,02, -+, 6n }
and let H be a bilinear form on V.

The associated matrix of H with respect to 8 is the matrix [H]; € M,,(F) whose
(¢, j)-entry is the value H(5;, 5;).

Example 6.1.2

Define a mapping H : R? x R? — R by
H((a,b),(c,d)) = 2ac+ 4ad — b,

for (a,b),(c,d) € R* Find [H], for the standard basis 8 = {(1,0),(0,1) }.

Solution:

We simply calculate the values H(3;, 5;) for i,j € {1,2}, where 8; = (1,0) and £, = (0,1).
Clearly, H(B1, 1) = 2, H(B1,82) = 4, H(B2, 81) = —1, and H(f, 2) = 0. That is,

Theorem 6.1.2

Let V be a finite-dimensional vector space over a field F with two bases 5 and ~, and let H

be a bilinear form on V. Then, if ) = [I]f is the change of basis matrix from ~ to 3, then

[H], = Q" [H]; Q.

Example 6.1.3

Define a mapping H : R? x R? — R by
H((a,b),(c,d)) = 2ac+ 4ad — b,

for (a,b),(c,d) € R? Find the change of basis matrix @ from v to 8 and use it to find [H],,
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where 5 ={(1,0),(0,1)} and y={(1,0),(1,1) }.

Solution:

We first compute Q) = [I]f whose columns are the vectors of v in the § coordinates. That is,

Q= “(1,0)]5 [(Llﬂﬁ} - ((1) 1) '

Then, we calculate [H],:

Therefore,
[H], = Q" [H], Q = (2 6) .

This can be verified by a direct computation as well.
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Exercise 6.1.1

Define a mapping H : R? x R? — R by
H((a,b),(c,d)) =ac+ ad — bd,

for (a,b), (c,d) € R?. Show that H is a bilinear form on R?.

Exercise 6.1.2

Define a mapping H : R? x R? — R by
H((a,b),(c,d)) = 2ac+ 4ad — be,

for (a,b),(c,d) € R* Find [H], for the basis 8 = {(2,1),(~1,4) }.

Exercise 6.1.3

Define a mapping H : P(R) x Po(R) — R by

H(p,a) = [ po)a(e)ds,

for p,q € Py(R). Find [H], for the standard basis § = {1, ,2% }.

Exercise 6.1.4

Define a mapping H : R? x R? — R by H(z,y) = 2! Ay for ,y € R?> and A = ((1) 11)‘

Find the change of basis matrix () from v to S and use it to find [H]w where 8 =
{(1,0),(0,1)} and v = {(1,-1),(1,2) }. Moreover, use @ to find [(1,7)].
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Chapter

Canonical Forms

Recall that a diagonalizable linear operator has a diagonal matrix representation. That is, there is

an ordered basis consisting of eigenvectors of the operator.
However, not every operator is diagonalizable, even if its characteristic polynomial splits.

In this chapter, we consider alternative matrix representation for nondiagonalizable operators.

These representations are called canonical forms.

We mainly consider two common canonical forms. The first one is called Jordan canonical form
which requires that the characteristic polynomial splits. That is, every polynomial with coefficients

from the underlying field is algebraically closed.

The other canonical form is the rational canonical form which does not require such a factor-

ization.

Section 7.1: Jordan Canonical Form |

Recall the following example.

Example 7.1.1

Let T be a linear operator on R? defined by T(a,b,c) = (4a + ¢,2a + 3b + 2c,a + 4¢). Is T

diagonalizable? Explain.

Solution:

Using the standard ordered basis for R3, 8 = { ey, ez, e3 }, we get

4 0 1
A= [T]g =12 3 2
1 0 4
The characteristic polynomial of T is
4— A 0 1
fA)=1A=AL[=]| 2 3— A 92 |=-=B=ANA-3)(A-5) =0
1 0 4—A

Thus, T has e-values: A\; = 3 with m(3) =2 and Ay = 5 with m(5) = 1.
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-1
Exy=Sr|l 0 |[+t|1]:t,reR}; dim(E))=2=m(\).
1
1
E)\Q = t]2 teR .5 dlm(E)\Q) =1l = m()\g)
1
-1 1
Afterall, v = vy Uy = 0o f,]11],[2 is a basis for R?® consisting e-vectors of T.
1 0 1
Therefore, T is diagonalizable and
3 0 0
T, =10 3 0
0O 0 5

On the other hand,

Example 7.1.2

Let T be a linear operator on R? defined by T(a,b,c) = (3a + b — 2¢, —a + 5¢, —a — b + 4c).
Is T diagonalizable? Explain.

Solution:

Using the standard ordered basis for R3, 8 = { e1, €9, €3 }, we get

3 1 —2
A= [T]ﬁ =1 -1 0 )
-1 -1 4
The characteristic polynomial of T is
3—A 1 -2
fAN) =A== -1 —\ 5 |==-(A=3)(A=22=0
—1 -1  4-)

Thus, T has e-values: A\; = 3 with m(3) =1 and Ay = 2 with m(5) = 2.

—1
E)\l = t 2 teR > dim(E)\l) =BI= m()\l)
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E)\Q =<t 3 :teR og dim(E)\z) =1 7é m(>\2) = 2

Therefore, T is NOT diagonalizable.

In what follows, we try to work things out to make the matrix A to be "almost” a diagonal

matrix.

The plan is to extend the definition of eigenspace to generalized eigenspace by considering
generalized eigenvectors of the operator T. From these subspaces, we select ordered bases whose

union is an ordered basis 8 for V such that

J1 O O

O Jo O
J: [T],B_ : . . )

O O AP /4

where each O is a zero matrix and each J; is a square matrix of the form () or

A1 0 ... 0 O
o x 1 ... 0 ©0
0 0 0 A1
0O 0 0 0 A

for some eigenvalue A for T.

Such a matrix J; is called a Jordan block corresponding to A, and the matrix J = [T 5 1s called

a Jordan canonical form of T.

Note that each Jordan block J; is "almost” a diagonal matrix. In fact, J is a diagonal matrix if

and only if each of J; is of the form (\).

Definition 7.1.1

Let T be a linear operator on a vector space V, and let A be a scalar. A nonzero vector z in

V is called a generalized eigenvectors of T corresponding to A if
(T—X)P(z)=0

for some positive integer p.
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Note that if z is a generalized eigenvector for T corresponding to A, and p is the smallest positive
integer for which (T — Al )’z = 0, then (T — A )’"'z is an eigenvector of T corresponding to .

That is, A is an eigenvalue of T.

Definition 7.1.2

Let T be a linear operator on a vector space V, and let A be an eigenvalue of T. The
generalized eigenspace of T corresponding to A, denoted by K,(T), is the subset of V
defined by

K\(T)={z€V:(T- A )"(z) =0 for some positive integer p }.

Note that K (T) consists of the zero vector and all generalized eigenvectors corresponding to

Theorem 7.1.1

Let T be a linear operator on a finite-dimensional vector space V such that the characteristic

polynomial of T splits. Then

1. If X is an eigenvalue of T with (algebraic) multiplicity m, then
K\(T)=N((T—=AI)") and dim(K,(T)) = m.
2. If Ay, Ao, -+, A\ are distinct eigenvalues of T, then

V=K, (T)® K\,(T)®...® K,,(T).

Note that if m(\) = 1, then we simply have K,(T) = E,.

Theorem 7.1.2

Let T be a linear operator on a finite-dimensional vector space V such that the characteristic
polynomial of T splits, and let Aj, Ao, - -+, A\x be distinct eigenvalues of T with corresponding

multiplicities mq, mg, - -+ ,my. For 1 <i <k, let §; be an ordered basis for K,(T). Then,

2. B=p1UPByU---U P is an ordered basis for V.
3. dim(K,,(T)) = m; for all 7.
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Definition 7.1.3

Let T be a linear operator on a vector space V, and let = be a generalized eigenvector of T
corresponding to the eigenvalue A. Suppose that p is the smallest positive integer for which

(T — A )’2 = 0. Then the ordered sets
{(T=A1)P e (T =AY 2, (T = M),z }

is called a cycle of generalized eigenvectors of T corresponding to A. The vectors (T — A )” “z
and x are called the initial vector and end vector of the cycle, respectively. We also say

that the length of the cycle is p.

Note that the initial vector (T — A )” “zofa cycle of generalized eigenvectors of a linear operator
T on a finite-dimensional vector space V is the only eigenvector of T in the cycle. On the other

hand, a vector z is the end vector of such a cycle if and only if (T —AI)?~z # 0, but (T — A )Pz = 0.

Moreover, if z is an eigenvector of T corresponding to the eigenvalue A, then the set {x } is a
cycle of generalized eigenvectors of T corresponding to A of length 1. If 3 is a disjoint union of cycles

of generalized eigenvectors of T, then  is a Jordan canonical basis for V.

Theorem 7.1.3

Let T be a linear operator on a finite-dimensional vector space V, and let A be an eigenvalue
of T. Then K,(T) has an ordered basis consisting of a union of disjoint cycles of generalized

eigenvectors corresponding to A.

Corollary 7.1.1

Let T be a linear operator on a finite-dimensional vector space V whose characteristic poly-

nomial splits. Then T has a Jordan canonical form.

[ Remark 7.1.1 ]

Let A € M, x,(FF) such that the characteristic polynomial of A (and hence of L,) splits. Then

1. The Jordan canonical form of A is defined to be the Jordan canonical form of the linear
operator L4 on [F".

2. A has a Jordan canonical form J, and A is similar to J.
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Section 7.2: Jordan Canonical Form ||

Let T be a linear operator on an n-dimensional vector space V such that the characteristic polynomial

of T splits. Let A, Ag, - -+, A\x be the distinct eigenvalues of T.

By Theorem 7.1.3, each K, contains an ordered basis /3; consisting of a union of disjoint cycles
k
of generalized eigenvectors corresponding to A;. Therefore, Theorem 7.1.2(2) implies that g = U Bi

i=1
is a Jordan canonical basis for T.

For each i, let T; be the restriction of T to K, and let J; = [T}] 8- Then J; is the Jordan

canonical form of T;, and

S 0 ... O
o J ... O
J=[T], = : : - :
o 0 ... J

is the Jordan canonical form of T, where O is a zero matrix of appropriate size.

[ Remark 7.2.1 ]

If 5; is a disjoint union of cycles (boxes) 71,72, - ,Vn, €ach of which of length p;, then we
index the cycles so that p; > py > -+ > p,,.

In this way, the number n; of cycles for 3;, and the length p;, 7 = 1,...n, of each cycle is
completely determined by T.

In other words, each Jordan block is decomposed into smaller boxes (cycles) each of which is

of length p;.

Example 7.2.1

Suppose that for some 7, the ordered basis f; for K, is the union of four cycles, i.e. 3, =
v1 Uy U3 Uy with respective lengths p; = 3,p2 = 3, p3 = 2 and py = 1. Then
by 1

by 1
Ai
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[ Remark 7.2.2 ]

r '

To visualize J; and 3;, we use an array of dots called a dot diagram of T;, where T; is the
restriction of T to K, .

Let f3; be a disjoint union of cycles of generalized eigenvectors 71,7a,- - , vV, with lengths
p1 > P2 > -+ > Dy,, respectively.

The dot diagram of T; contains one dot for each vector in ;, and the dots are configured

with respect to the following reules.

1. The diagram consists of n; column (one column for each cycle).
2. Counting from left to right, the j%* column consists of the p; dots that corresponds to

the vectors of «; starting with the initial vector at the top and continuing down to the

end vector.
If v1,vy, -+ ,v,, are the end vectors of the cycles v1,72, -+, Vn,, then we get:
.(T — )\Z'I)plil’Ul .(T — /\iI)p271’U2 c. Q(T — )\Z‘I)p"iil’l)ni
.(T — )\Z‘])p1721)1 .(T — )\i])pgizl}g . O(T — )\il)p”iill)ni
Q(T — )\ZI)U,%
oV,
O(T — )\iI>’Z}2
L XO)
.<T — )\i[)vl
.'Ul

Note that the dot diagram of T; has n; columns (one for each cycle) and p; rows.

Let r; denote the number of dots in the 3" row of the dot diagram. Note that r; > ry > -+ > Tps -

Moreover, the dot diagram can be reconstructed from the values of the r;’s.

Back to Example 7.2.1
We have n; = 4; py = po = 3, p3 = 2 and py = 1. The dot diagram of T is
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Moreover, ry =4, ro = 3, and r3 = 2.

[ Remark 7.2.3 ]

We compute the (unique) dot diagram of T; using the ranks of linear operators determined
by T and ;. In this way, the dot diagram is uniquely determined by T.
To determine the dot diagram of T;, we devise a method for computing each r;, the number

of dots in the j* row of the dot diagram, using only T and );.

Theorem 7.2.1

For any positive integer r, the vectors in (; associated with the dots in the first r rows of the

dot diagram of T; forms a basis for N( (T — X\, 1)").

That is, the number of dots in the first  rows of the dot diagram equals nullity( (T — \,I)").

Theorem 7.2.2

Let r; denote the number of dots in the j™ row of the dot diagram of T, the restriction of T

to K,. Then

1. 1y =dim(V) —rank((T — \;1)).

2. r; =rank((T — A\ )’™") — rank(('T — N\, 1)) for j > 1.

[ Remark 7.2.4 Computing Jordan Canonical Forms ]

Given a matrix A € M, «,(C), we use the following method to compute the Jordan canonical

form of A:

1. Calculate eigenvalues of A: Ay, Ag, -+, Ag.

2. For each \; (1 =1,2,...,k): determine m(}\;) and r; using Theorem 7.2.2.

Example 7.2.2 See Example 7.1.2

Let
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Find the Jordan canonical form of A.

Solution:

1. Eigenvalues: We consider the characteristic polynomial of A to find all eigenvalues.

3-x 1 9
faN) =A==\ |= 1 =) 5 |[.=--=—(3=-X)(2-))%
—1 —1. 4— )\
Therefore, we have Ay = 3 and Ay = 2 with multiplicities m(A;) = 1 and m(X\g) = 2,

respectively. Therefore, we can deduce that there are two Jordan blocks. One for A\; of

size 1 x 1 and the other for Ay of size 2 x 2. That is,

Ji 0
O J

J:

2. Multiplicities and r;: Next we compute r; for A\; and Aq:
Here, we have a cycle of length 1. Clearly m(A;) = 1 and hence dim(K,) = 1.
Thus,
J1 = (3).

Here, we have a cycle of length 2. So, we start with r; = 3 —rank(A — 27) =
3 —2 =1, where

1 1 -2 1 0 1
rank(A —2/) =rank(| -1 -2 5 [)=rank(|] 0 1 -3 |)=2
-1 -1 2 0 O 0
That is, the dot diagram has one dot in the first row. That leaves us with one more dot

for ro. But we compute it using Theorem 7.2.2 anyway. We have, ry = rank(A — 27) —

rank((A —27)?) =2 —1 =1, where

2 I =l 1 05 -05
rank((A —21)?) =rank(| -4 -2 2 rank(| o0 0 0 |)=1
—7% =1 1 0 0 0

Therefore, our dot diagram is
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and we have one cycle of lengths 2. That is,

Therefore,

3 ‘
Ji O
J = = 2 1
@) Jo

Example 7.2.3

Let
3 1 0 1
-1 5 4 1
A=
0 0 2 0
0 0 0 4

Find the Jordan canonical form of A.

Solution:

1. Eigenvalues: We consider the characteristic polynomial of A to find all eigenvalues.

Hint: Use the determinant of blocks!

3- A 1 0 1
~1  5-)A 4 1 ,

faX) =A== = =(4-2)*(2-)).
0 0 2-2X 0
0 0 0 4-—2X

Therefore, we have Ay = 2 and Ay = 4 with multiplicities m(A;) = 1 and m(A\qg) = 3,
respectively. Therefore, we can deduce that there are two Jordan blocks. One for \; of

size 1 x 1 and the other for Ay of size 3 x 3. That is,

Ji O
J = .
O J

2. Multiplicities and r;: Next we compute r; for A\; and Ay:

Here, we have a cycle of length 1. Clearly m(A;) = 1 and hence dim(K,) = 1.
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Thus,

Here, we have a cycle of length 3. So, we start with r; =4 —rank(A — 47) =
4 — 2 =2, where

—1 1 0 1
—1 1 4 1
rank(A — 47) = rank( )="---=2
0o -2 0
0 0 0 0

That is, the dot diagram has two dots in the first row. That leaves us with one more dot
for ro. But we compute it using Theorem 7.2.2 anyway. We have, r, = rank(A — 47) —
rank((A — 47)?) =2 — 1 =1, where

0 0 4 0
) 0 0 —4 0
rank((A — 47)%) = rank( ) =1.
0 0 4 0
0 0 0 0
Therefore, our dot diagram is
[ ]

and we have two cycles of lengths 2 and 1. That is,

4 1
Jo = 4
4
Therefore,
2 |
J1 O 4 1
J p— pu—
O Jo 4

95
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[ Remark 7.2.5 Computing Jordan Canonical Basis ]

Given a matrix A € M,,,(C), we use the following method to compute the Jordan canonical

basis of A so that A is decomposed as A = Q J Q'
1. Compute eigenvalues of A: A, Ao, -+, Ax.
2. Foreach \; (i =1,2,...,k):

(a) determine m();) and r; using Theorem 7.2.2.

(b) Calculate eigenspace and generalized eigenspace

3. Construct Q.

Example 7.2.4

Let
3 1 —2
A= —1 0 5
—1 —1 4

Find the Jordan canonical form of A and find a Jordan canonical basis for the linear operator

T =L,4.

Solution:

1. Eigenvalues: We consider the characteristic polynomial of A to find all eigenvalues.

F=\ 1 —2
fah) =A== —1 =) 5 |=--==(2=-2)*(3-)).

Therefore, we have Ay = 2 and Ay = 3 with multiplicities m(A;) = 2 and m(X\q) = 1,
respectively. Therefore, we can deduce that there are two Jordan blocks. One for A\; of

size 2 x 2 and the other for Ay of size 1 x 1. That is,

J 0
O J

Also, let Ty and Ty denote the restrictions of L4 to the generalized eigenspaces K,

and K,, respectively.

> (W=7
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(a) Multiplicities and r;: We have m(\;) = 2 and hence if 3; is a Jordan canonical
basis for T, then dim(K,,) = 2 and hence the dot diagram for A; has two dots.
Computing r; = 3 —rank(A —2/) =3 —2 =1, where

1 1 —% 1 0 1
rank(A — 2/) =rank(| -1 -2 5 [)=rank(| 0 1 -3 |)=2
-1 = 2 0 0 0

That is, the dot diagram has one dot in the first row. That leaves us with one
more dot for ro. But we compute it using Theorem 7.2.2 anyway. We have,

ry = rank(A — 2I) — rank((A — 21)?) =2 — 1 =1, where

2 1 1 1 L L
a 2 2
rank((A — 21)?) =rank(| -4 -2 2 |[)=rank(|] o 0 o |)
-2 -1 1 0 0 0
Therefore, our dot diagram is
[ J
[ J
and we have one cycle of lengths 2. That is,
2 1
J1 =
2

Eigenspace and generalized eigenspace Here we determine a Jordan canonical
basis (; for T;. The dot diagram of T; has one column which corresponds to the
cycle of generalized eigenvectors. Let v; denote the end vector of the this cycle.

Then we have
[} (T — 2[)1}1

® Uy
Note that (T — 27I)?v; = 0 but (T — 2I)v; # 0. That is, v; € N((T — 21)?) but
vy € N(T —2I). Thus, we compute bases for N(T — 27) and N( (T — 21)?).
That is, we solve the systems (A —2I)x = 0 and (A —21)*z = 0. For N(T — 21 ),

we have
1 1 =2 a 0
N(A=-2I)={ (a,b,e): | —1 —2 5 bl=10
-1 -1 2 c 0

97




98

Chapter 7. Canonical Forms

This is can be solved as follows:

1 1 -2 0 1 0 1] o0
1 -2 510 | =51 0 1 —3]o0
1 -1 2 | 0 o 0 o0lo

Thus, a = —c and b = 3c¢. Hence,

is a basis for N'(A — 2I). Note that N(A —2I) C N((A —2I)?). Now, We do the
same thing for N'( (A — 21)?).

2 1 -1 a 0
N((A=-202) =S (abo):| —4 —2 2 b| =10
—2 —1 1 c 0

This is can be solved as follows:

2 1 —-11]0 1 3 —3 |0
4 2 2 o0 |51 0 0o 00
—2 -1 1|0 0 0 0] 0

Thus, 2a + b — ¢ = 0. Hence, vy, U, is a basis for N'( (A —2I)?), where

—1 -1 -1
MUy =mU 2 = 3 , 2
0 1 0

Now, we choose v; from the basis produced in N'( (A — 21)%); namely from ~,.

—1
That is, v; = 2 |. Hence,
0
1 1 -2 -1 1
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Thus, we have constructed the Jordan canonical basis §; consisting of one cycles

for the Jordan block of \; = 2.

1 —1
512{(14—2])@17711}: -3 ; 2
—1 0

(a) Multiplicities and r;: We have m()\;) = 1. Here, we have a cycle of length 1.
Clearly m(A2) = 1 and hence dim(kK,,) = 1. Thus,

(b) Eigenspace and generalized eigenspace: Note that dim(K,,) = 1 =
dim(FE),). Therefore, K, = F,, and hence any eigenvector of L, correspond-

ing to Ay would form the basis 3. For N(T — 37 ), we have

0 1 —2 a 0
N(A-3I)=1 (a,b,c,d) : —1 =3 5 bl =10
—1 —1 1 c 0

This is can be solved as follows:

0 1 -2 10 1 0 110
1 _3 5 0 r.r.e.f 1 _9 0
-1 -1 110 0 0 010
Thus, a = —c and b = ¢. Hence,
-1
B2 = 2
1

is a basis for N(A — 31).

3. Construct J and ) We have already computed J; and J, and hence

2 1
J1 @)

J = = 2
@) Jo
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Moreover, we compute the invertible matrix ) whose columns are the vectors of the

ordered basis § = (5 U 5. That is,
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1 -1 —1
B = -3 | 2 | 2 ;
-1 0 1
and
1 —1 -1
Q=] -3 2 2
—1 0 1
would satisfies J = Q 1AQ or QJ = AQ.
Example 7.2.5
Let
2 -1 0 1
0 3 -1 0
A=
0 1 1 0
0o -1 0 3

Find the Jordan canonical form of A and find a Jordan canonical basis for the linear operator

T=L,4.

Solution:

1. Eigenvalues: We consider the characteristic polynomial of A to find all eigenvalues.

) -1 0 1
0 33—\ -1 0
fa) =[A=A| =
0 1 1-2X 0
0 -1 0 3-2X

Therefore, we have \; = 2 and A\ = 3 with multiplicities m(\;) = 3 and m(A\y) = 1,

respectively. Therefore, we can deduce that there are two Jordan blocks. One for A\; of

size 3 x 3 and the other for Ay of size 1 x 1. That is,

J 0O
J = .
O J

=..=(2=X)3(3-).
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Also, let Ty and T, denote the restrictions of L, to the generalized eigenspaces Ky,

and K,,, respectively.

2 (5=

(a) Multiplicities and r;: We have m(A;) = 3 and hence if 5 is a Jordan canonical

basis for T, then dim(K,,) = 3 and hence the dot diagram for A\; has three dots.
Computing r; = 4 — rank(A — 2]) =4 — 2 = 2, where

0 —1 0 1
0 1 -1 0
rank(A — 27) = rank( ) =2.
0 1 -1 0
0 -1 0 1

Computing r, = rank(A — 27) — rank((A — 2I)?) =2 — 1 =1, where

o -2 1 1
N 0 0O 0 O
rank((A — 27)°) = rank( ) =1.
0 0O 0 O
o -2 1 1
Therefore, our dot diagram is
o o
°

and we have two cycles (correspond to vertical dots) of lengths 2 and 1. That is,

2

Eigenspace and generalized eigenspace Here we determine a Jordan canonical
basis 81 for T;. The dot diagram of T has two columns, each of which corresponds
to a cycle of generalized eigenvectors. Let v; and vy denote the end vectors of the

first and second cycles, respectively. Then we have
® (T — 2])’01 ® Uy
® U1

Note that (T — 27)%v; = 0 but (T — 21)v; # 0. That is, v; € N((T — 2I)?) but
vy € N(T —2I). Thus, we compute bases for N(T — 27) and N( (T — 21)?).

101
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That is, we solve the systems (A —2I)z = 0 and (A —21)*z = 0. For N(T — 2I),

we have
0 -1 0 1 a 0
0 1 -1 0 b 0
N(A=2I)=1 (a,b,e,d): =
0 1 —1 0 c 0
0 -1 0 1 d 0
This is can be solved as follows:
[0 -1 0 1|0 ] (0 1 0 -1]0 |
0 1 -1 0 0 ref 0 0 1 -1 0
0 1 -1 0 0 0 0 0 0 0
0 -1 0 1 0 | 0 0 0 0 0 |
Thus, b = d and ¢ = d. Hence,
1 0
0 1
M= )
0 1
0 1
is a basis for N'(A — 2T). Note that N (A —2I) C N ((A — 2I)?). Now, We do the

same thing for N'( (A — 21)?).

0 =2 1 1 a 0
0 0 0 0 b 0
N((A=21)?) =X (a,b,c,d) ; _
0 0 0 0 c 0
0 =2 1 1 d 0
This is can be solved as follows:
0 2 1 1|0 | 0 1 —05 —05 |0 |
0 0 0 0 0 rrof 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
I 0 —2 1 1 0 _ I 0 0 0 0 0 _
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Thus, b = 2c + 3d. Therefore, 71 U, is a basis for N'( (A — 21)?), where

0
1
2
0

Uy =

o o o =
Y

Now, we choose v; from the basis produced in N( (A — 2I)?); namely from ~s.

0
That is, v; = . Hence,

2

0
0 -1 0 1 0 —1
0 1 -1 0 1 -1

(A - 2] )Ul - =

0 1 -1 0 2 -1
0o -1 0 1 0 -1

For vy, we simply choose a vector in N (A — 2I) but linearly independent of

(A —2I)v;. One choice from 7, is

= o

Vg = , another option is vy =

o o o =
—_ =

Thus, we have constructed the Jordan canonical basis 3; consisting of two cycles

for the Jordan block of \; = 2.

—1 0 1
—1 1 0
fr={(A—-2I)v,v1,v9 } = ; ;
-1 2 0
—1 0 0

(a) Multiplicities and r;: We have m(\;) = 1. Here, we have a cycle of length 1.
Clearly m(A2) = 1 and hence dim(K,,) = 1. Thus,

T = (3).
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(b) Eigenspace and generalized eigenspace: Note that dim(K,,) = 1 =
dim(F),). Therefore, K, = E,, and hence any eigenvector of L, correspond-

ing to Ay would form the basis 3. For N(T — 31 ), we have

-1 -1 0 1 a 0
0 -1 0 b 0
N(A-3I)=1 (a,b,c,d) : —
0 1 —2 0 c 0
0 -1 0 0 d 0
This is can be solved as follows:
1 -1 0 1o ] 1 0 0 —1]0 |
0 0 -1 0 0 rof 0 1 0 0 0
0 1 -2 0 0 0 0 1 0 0
I 0 -1 0 0 0 | I 0 0 0 0 0 |
Thus, a = d and b = ¢ = 0. Hence,
1
0
B =
0
1

is a basis for N (A — 31).

3. Construct J and ) We have already computed J; and J; and hence

3

Moreover, we compute the invertible matrix ) whose columns are the vectors of the

ordered basis § = 1 U [,. That is,

L
o N o~ O
o o o @~
[ e M J
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and
—1 0 1 1
—1 1 0 0
Q =
—1 2 0 0
-1 0 0 1

would satisfies J = Q71AQ or QJ = AQ.
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Let T be the linear operator on Py(R) defined by T(f(z)) = —f(z) — f'(z). Find a Jordan

canonical form of T.

Exercise 7.2.2

Let

B o o o o N
o o o N o~
o o v o
© v N
DD Ot Ot

Find the Jordan canonical form of

Exercise 7.2.3

Let
2 -1 0 1
0 3 -1 0
A—
0 1 1 0
0 -1 0 3

Find the Jordan canonical form of A.

Exercise 7.2.4

Let
1 1 1 -1 0
0 1 0 0 1
A= 0 0 0 1 0
0O 0 -1 2 1
0 0 0 0 1

Find the Jordan canonical form of A and find a Jordan canonical basis for the linear operator

T =L,
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Section 7.3: Minimal Polynomials

By the Cayley-Hamilton Theorem, for any linear operator T on an n-dimensional vector space V
there is a polynomial f(¢) of degree n such that f(T) = Ty; namely, the characteristic polynomial
of T.

Hence there is a polynomial of least degree with this property. This degree is at most n.

If g(t) is such a polynomial, we can derive another polynomial p(t) of the same degree with leading
coefficient 1, by dividing ¢(¢) by its leading coefficient. In that case, we say that p(t) is a monic

polynomial.

Definition 7.3.1

Let T be a linear operator on a finite-dimensional vector space. A polynomial p(t) is called
a minimal polynomial of T if p(¢) is a monic polynomial of least positive degree for which

P(T) = To.

Theorem 7.3.1

Let p(t) be a minimal polynomial of a linear operator T on a finite-dimensional vector space

V. Then

1. For any polynomial g(t), if g(T) = Ty, then p(t) divides g(¢). In particular, p(t) divides
the characteristic polynomial of T.

2. The minimal polynomial of T is unique.

The minimal polynomial of a linear operator has an obvious analog for a matrix.

Definition 7.3.2

Let A € M« (F). The minimal polynomial of A is the monic polynomial of least positive

degree for which p(A) = O, where O is the zero matrix.
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Theorem 7.3.2

Let T be a linear operator on a finite-dimensional vector space V, and let 8 be an ordered
basis for V. Then, the minimal polynomial of T is the same as the minimal polynomial of
the matrix [T],.
In particular, for any matrix A € M,,«,(F), the minimal polynomial of A is the same as the

minimal polynomial of L 4.

Theorem 7.3.3

Let T be a linear operator on a finite-dimensional vector space V, and let p(¢) bt the minimal

polynomial of T. A scalar A is an eigenvalue of T if and only if p(\) = 0. Hence the

characteristic polynomial and the minimal polynomial of T have the same size.

» = Suppose that ) is an eigenvalue of T corresponding to eigenvector . That is, T'(x) = \z.

Then,
0 =To(z) = p(T)(z) = p(A)(2).

Since x # 0, we get p(A) = 0 and so A is a zero of p(t).
» <= Let f(t) be the characteristic polynomial of T. Since p(t) divides f(t), there exists a
polynomial g(¢) such that f(t) = g(t)p(t). Now, if X is a zero of p(t), then

That is, A is a zero of f(¢) and hence it is an eigenvalue of T.

Corollary 7.3.1

Let T be a linear operator on a finite-dimensional vector space V with minimal polynomial

p(t) and a characteristic polynomial f(t). Suppose that f(¢) factors as
fO) =M =t)" (A —1)™ - (A —8)™,

where A, Ao, -+, A\p are the distinct eigenvalues of T. Then there exist integers

mi,ma, -+ ,my such that 1 < m; < n; for all 7 and

p(t) = (A — )" (Ag—t)"™ - (Mg — )™,
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Example 7.3.1

Find the minimal polynomial of

3 -1 0
A=1 0 2 0
1 -1 2

Solution:

Clearly the characteristic polynomial of A is

3t ~1 0
fO)=1A—-tl| = 0 2—t 0 |=--=—-(t—2>2t-23).
1 —1 2t

Thus, the minimal polynomial of A must be either (¢ —2)(t —3) or (t —2)*(t—3).
Substituting A into p(t) = (t —2)(t — 3), we find that

p(A) = (A—2T)(A—3I)=0.

Hence p(t) = (t —2)(t — 3) is the minimal polynomial of A.

Example 7.3.2

Let T be the linear operator on R? defined by
T(a,b) = (2a + 5b,6a +b),

and /3 be the standard ordered basis for R?. Find the minimal polynomial of T.

Solution:

2 5
Clearly, A := [T}, = ( ) and hence the characteristic polynomial of T is
6 1
= 5)
fit)=|A—-tl| = =.--.=(t=T)(t+4).
6 1-1

Therefore, the minimal polynomial of T is clearly p(t) = (¢t — 7)(t +4).
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Example 7.3.3

Let T be the linear operator on Py(R) defined by

T(g(t)) = g'(t).

Find the minimal polynomial of T.

Solution:

Using the standard ordered basis 8 = {1, z, 2% }, we clearly find

0 1 0
A=[Tlg=] 0 0 2
0O 0 O
Then
—t 1 0
fOy=1A-t|= o -t 2 |=-t
0 0o -t
That is, p(t) is either ¢, t2, or ¢3.
Note that
0 0 2
p(A) == 0 0 0 |#0
0O 0 O

But p(A%) = 0 and hence the minimal polynomial of T is ¢3.

Theorem 7.3.4

Let T be a linear operator on a finite-dimensional vector space V. Then T is diagonalizable

if and only if the minimal polynomial of T is of the form
p(t) = (=X )(t=A2) - (T = X)),

where A\, Ao, - -+, Ay are the distinct eigenvalues of T.
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Example 7.3.4

Determine all matrices A € Myyo(R) for which A% — 3A + 21, = 0.

Solution:

Let g(t) =t* —3t+2=(t—1)(t—2). Since g(A) = 0, the minimal polynomial p(t) of A
divides g(t).

Therefore, the only possible candidates for p(¢) are t — 1, t — 2, and (¢t — 1)(t — 2).

If p(t) =t —1or p(t) =t—2, then A =1 or A= 2I, respectively. If p(t) = (t — 1)(t — 2),

1 0
then A is diagonalizable with eigenvalues 1 and 2, and hence A is similar to ( ) .
0 2

Example 7.3.5

Let A € M,,»,(R) with A*> = A. Show that A is diagonalizable.

Solution:

Let g(t) =t3—t =1t(t+1)(t — 1). Then g(A) = 0 and hence the minimal polynomial p(t) of
A divides g(t).

Since ¢(t) has distinct zeros, so p(t) has distinct zeros as well. Thus, A is diagonalizable.

[ Remark 7.3.1

The operator T on Py(R) of Example 7.3.3 is not diagonalizable. This is because its minimal

polynomial is ¢* and hence Theorem 7.3.4 implies that T is not diagonalizable.
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Exercise 7.3.1

Find the minimal polynomial of
2 1
A=
1 2
Exercise 7.3.2
Find the minimal polynomial of
1 1
A=
0 1

Exercise 7.3.3

Let T be the linear operator on R? defined by
T((CL, b)) = (CL + b7 a— b)

Find the minimal polynomial of T.

Exercise 7.3.4

Let T be the linear operator on Py(R) defined by

T(g(t)) = ¢'(t) + 29().

Find the minimal polynomial of T.
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