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1. (2 pts. each) Let T and S be two isometries of the plane.
(a) Show that the product of T and S is an isometry.

(b) Show that if T and S agrees on three noncollinear points, then they are identical.
Solution:
(a) Forany Aand B, T (AB) = A’B'and S (A’B’) = A"B" where AB = A'B’ (T is isometry)
and A'B" = A"B" (S is isometry)

Therefore, ST (AB) = S (T ( (A ) =ATB", with AB = AL,
(b) Assume that T (4) = S (A), T( = S( ), T (C) = S(C), for noncollinear points
A,B,C. Then STIT (A) = A, S™'T(B) = B, S™'T(C) = C. That is S™!T = I. Hence,

T=S.



2. (3 pts. each)

(a) Show that a rotation is an isometry.

B
(b) In the right diagram, identify Rz 0 Rp 1200 © Re. ~
(c) In the right diagram, express the rotation Rp 2400 as a product of two
rotations centered at A and C. =0 :
A C
Solution:
(a) Consider a rotation Ro , about some point O through z°. Let A and B « A
be points in the plane with Rp , (A) = A’ and Ro, (B) = B’. Then, ,".\'\\ z°
-_— —_— k AN
we need to show that ’AB‘ = |A'B'"|. In A AOB and A AOB’, we : SN N

have:

i. ‘O_A‘ = ‘W and ‘O_B‘ = ‘@ (definition of rotation).
ll=z- | Q‘ = ‘f’)‘ (look at diagram).

By SAS, 5 AOB =4 A'OB'. That is | AB | = | A5
(b) Note that Rp 1200 = Rz o Ry Therefore,

ii.

R% o R B,1200 OR% = R% oR% oRﬁ oR% = Rjﬁ OR% = Ra,600-

(c) Note that Rp 2400 = Rm o R%. Therefore,

Rp 2100 = Ry o Rigp = Rgp o T o Ry
:RﬁO(R%oR%)oR%
= (R@OR@)(OR%OR%)

= Ra,60° © Rc,1800 -



3. (4 + 2 pts.)
(a) Show that every translation is a product of two half-turns.

(b) Let T be a translation identified as R, o Rp. Find its inverse.

Solution:
(a) Let T be any translation. Then 7_, can be written as a product of two reflections in
parallel lines a and b. That is, 7:@ = R,Ry. Let ¢ be a line perpendicular to a and b in
points O1 and Os. Then, 7—[01 =R,R. and H02 = R(.Ry. Therefore,

T

. =R,R;, = R,IR, = R.RR.R, = H, H,,,.

(b) Clearly T~! = RjyoR,.



4. (442 pts.) Let A ABC be a given acute triangle and let A\, u > 1.
(a) Show that Dy ) (4 ABC) ~ Dp, (A ABC).
(b) Show that if A = u, then Dy ) (4 ABC) = Dp, (A ABC).

Solution:

(a) Clearly Theorem 5.1.1 ensures that the trangles A AB\C) and A A,BC,, are all similar
to A ABC' and hence each one of them is similar to the other.

(b) If A = pu (both positive), then we have ’AM_B‘ =pu ‘E‘ =A ‘/ﬁ‘ = ’A_BA‘ Similarily,
| A4,C,.| = |'ACy | and | BC, | = | B\C) |. By SSS, A AB\C) = a A,BC,,.




