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1. (34342 pts.) Let GL,(R) = { all n x n nonsingular matrices with real entries } be a group with the
operation of matrix multiplication.
(a) Show that SL,(R) ={A e GL,(R):|A| =1} is a subgroup of GL,(R).

(b) Show that 6 : GL,(R) — R* defined by §(A) = | A| for each A € GL,(R) is a homomorphism

onto R*.

(c) Use the Fundamental Homomorphism Theorem to show that GL,(R)/SLy(R) is isomorphic to
R*.
2. (34342 pts.)
. . 0 1
(a) Find the centralizer of X = (1 0) € GLy(R), denoted as C (X).

(b) Let ¢ denote the Euler phi-function. Compute ¢(21).
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(c) Simplify ([1],(1 2 3)™") ([1],e)([0], (1 3 2)) in Zy x Ss.
3. (4 pts. each)

(a) Let G and H be two groups with a homomorphism 6 : G — H. Show that the subgroup ker 6 is

normal in G.

(b) Let G be a group with a normal subgroup N. Show that the mapping 6 : G — G/N defined by
f(a) = aN for each a € G is a homomorphism of G onto G/N, and ker = N.

4. (4 pts. each) Let a be a fixed element in a group G. Define 7, : G — G by 74(z) = aza~!. Then

(a) Show that v, is an isomorphism.

(b) Show that if a,b € G, then V.Y = Yab-
5. (4 pts. each) Let G be a nonabelian group and let Z(G) denote the center of G.

(a) Show that the factor group G/Z(G) is not cyclic.

(b) Show that if | G | = pg where p and ¢ are primes, then Z(G) is trivial.



